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relation between Nielsen-Olesen vortices and monopoles (Chapter 2) 
and also that I attempt to extend the string model described in 
Chapter 3 to baryons (Chapters 5 and 6). Discussions with Dr. Tassie 
were helpful in clearing up the finer points of the exotic meson and 
glueball configurations in Chapter 4.
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ABSTRACT
The string model of hadron structure is studied, principally 
at the classical level.
The Nielsen-Olesen vortex is taken as a prototype string and 
the problem of a semi-infinite static U(l) vortex terminating in 
a fixed monopole is considered. An attempt is made to calculate 
the flux lines at distances from the vortex greater than the 
’penetration length'. The SU(3)/Z^ vortex ending in a monopole 
is also considered and the problem is shown to reduce to the same 
set of non-linear equations as the U(l) case provided certain 
criteria are met.
A model is then considered in which hadrons are built up from 
infinitesimally thin relativistic Nambu strings. Strings meet three 
at a time, consistent with the idea that the strings are the strong 
coupling limit of SU(3)/Z3 vortices. They can also terminate at 
quarks or antiquarks described by Dirac fields restricted to the 
world line traced out by the string end.
The Nambu string equation is solved for motion corresponding to 
rigid body rotation about the z-axis. One class of these solutions, 
the planar solutions, allows for new hadrons to be constructed from 
the above model. In particular, two types of exotic meson and one 
type of glueball, each of which have asymptotically straight Chew- 
Frautschi plots can be built up.
iv
Possible baryon configurations consistent with the above model 
are examined. Chew-Frautschi plots are found for baryons containing 
a quark and a diquark at the extremities of a straight rigidly 
rotating string. Quantum numbers for the diquark field are obtained 
by adding those for two individual quark fields. The leading 
trajectory for the quark-diquark configuration is found to be 
energetically more favourable than previously established trajectories 
for the linear and Y-shaped baryon configurations.
In order to describe more accurately the coupling of two quark 
fields at the string end to form a diquark field, two methods are 
suggested. The first method involves combining two restricted Dirac 
equations using a variant of the de Broglie fusion method. The 
resulting equation describing the spin 0 diquark is the Klein- 
Gordon equation restricted to the world line. However, the spin 
1 diquark equation differs from the restricted Proca-de Broglie 
equation. Both the spin 0 and spin 1 equations are derivable 
from Lagrangians, so in principle there is nothing to prevent a 
rigorous treatment of the classical quark-diquark string baryon 
being carried out. It is also shown that Grassmann algebra valued 
quark fields can be incorporated within the fusion method.
The second method involves the restriction of a free 16- 
component Duffin-Kemmer-Petiau field to a world line. The restricted 
field splits into a scalar and a vector part, but it is shown that 
these are not descriptions of spin 0 and spin 1 diquark fields.
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CHAPTER 1
INTRODUCTION
Of the four forces that have been recognised in nature, gravity, 
electromagnetism, the weak force and the strong force, the last has 
provided the greatest resistance to description by a fundamental 
physical theory. It is the strong force which binds quarks within 
hadrons and a fundamental theory of strong interactions must explain 
this binding and correctly predict the hadron spectrum.
The most popular candidate for a theory of strong interactions is 
quantum chromodynamics (QCD) which we describe briefly in the following 
section. Although giving an accurate description of short range 
phenomena between quarks, the problem of showing that QCD confines the 
quarks within hadrons remains intractable. To circumvent this problem, 
a great deal of effort has gone towards producing phenomenological 
models of hadrons. These models are an attempt to mimic the properties 
of QCD while also incorporating phenomena such as quark confinement as 
a basic ingredient. The main body of this thesis concerns itself with 
hadron structure predicted by one such model, the string model. This 
and another model, the bag model are summarised in §1.2.
The notation and conventions used throughout the thesis are given
in an appendix.
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§1.1 GAUGE THEORIES AND QUANTUM CHRQMQDYNAMICS
The theory of quantum chromodynamics (Fritsch et al. 1973; 
Weinberg 1973, Gross and Wilczek 1973; for reviews see Marciano and 
Pagels 1978; Lichtenberg 1981) is described by the Lagrangian density
V  = ' T fUV-Fuv + C1-«
where
:]iV ~y Av rA) Ay r Ay Av, 9 A - 9 A + g[A ,A ] (1.2)
and
Dyq = V^SVq * C1-3)
The quark fields q are a colour triplet of Dirac spinors transforming
according to the local gauge group SU(3) . The vector potential is
A^ = A^ where X& (a= 1,...,8) are the matrix generators of SU(3)
given in the appendix. By P.Q we mean P Q .a a
The Lagrangian density (1.1) describes a gauge theory (Abers and 
Lee 1973). That is to say, the action describing the theory is 
invariant with respect to some local gauge transformation. For this 
case the gauge group is SU(3) and the Lagrangian density (1.1) is 
invariant with respect to the local transformations
q(x) + q'(x) = exp(6a (x)Xa)q(x) = (i(x)q(x)
.
Aq(x) -* Ay (x) = U(x)Aq(x) U -1(x) + i-U(x) 9 U 1 (x)
o  r1
(1.4)
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Non abelian gauge transformations were first examined by Yang 
and Mills (1954). The popularity of gauge theories lies partly in 
their aesthetic appearance and partly in their success at providing 
theories for electro-weak and probably gravitational forces. In 
the electro-weak theory of Glashow (1961), Weinberg (1967) and Salam 
(1968) the local gauge group is SU(2) x u(l) . The left-handed 
electron and neutrino form an SU(2) doublet and the right-handed 
electron a U(l) singlet. A Higgs boson field is introduced to 
spontaneously break the symmetry (Higgs 1964; O'Raifeartaigh 1979) 
and give masses to the W and Z intermediate vector bosons.
The aesthetics of gauge theories become apparent when they are 
written in purely geometric terms (Drechsler and Mayer 1977; Daniel 
and Viallet 1980; Price 1980). Every element in a classical gauge 
theory has its counterpart in the language of fibre bundles (Kobayashi 
and Nomizu 1963, 1969). The quark field can be viewed as a local 
section of an associated fibre bundle with base manifold the space- 
time manifold and structure group equal to the gauge group. In local 
co-ordinates, the connection 1-form is A dx^1 and the curvaturey
2-form is F dx^1 a dxV . The gauge transformation (1.4) can be viewed
r1
either as a translation along the fibres in the principal and associated 
bundles over the point x in the base manifold, or as a change in the 
choice of co-ordinates of the bundles.
The fibre bundle description allows for a wider class of phenomena 
in those cases where, because of the topology of the base manifold, it 
is possible that the field F is globally well defined, but not the 
potential A^ . A well known example of this is the description of a 
magnetic monopole using a U(l) bundle (Wu and Yang 1975b, Greub and 
Petry 1975).
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We return now to QCD. One success of this theory is its 
prediction of asymptotic freedom at short distances (Gross and 
Wilczek 1973; Politzer 1973). According to QCD the effective 
coupling strength of the interquark forces is diminished by the 
screening effect of virtual quark-antiquark pairs through vacuum 
polarization, but enhanced by the anti-screening effect of virtual 
gluons which themselves carry colour charge. If the number of 
flavours in the theory is sufficiently small (< 16) , the anti­
screening effect of the gluons dominates. At short distances the 
anti-screening effect is partially penetrated and the effective 
coupling strength drops to zero. This is consistent with the 
results of deep inelastic scattering experiments (Friedman and 
Kendall 1972) which show that the quarks within the hadron are able 
to move relatively freely.
The long range effect of QCD, and hence quark binding, is 
difficult to calculate. Apart from experiments by La Rue, Fairbank 
and Hebard (1977) measuring the charge on niobium balls at low 
temperatures, no evidence for fractionally charged free quarks has 
appeared. It is generally believed that quarks within hadrons are 
either permanently confined or almost permanently confined. Wilson 
(1974) (see also Balian et al. 1974; Kogut and Susskind 1975) has 
shown that if space-time is approximated by a cubic lattice, then a 
lattice gauge theory version of QCD does lead to quark confinement. 
However it has remained unsolved whether this confinement is intrinsic 
to QCD or whether it is a consequence of the lattice approximation.
We turn next to two phenomenological models in which quark 
confinement is included ab initio.
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§1.2 PHENOMENOLOGICAL HADRON MODELS
The two models we deal with here are the string model and the 
bag model. The first of these is the theme of this thesis, so we 
shall not dwell too deeply on the finer points of the model here, 
but deal with these as we come to them.
The string model was devised by Nambu (1970) and others (Hara 
1971; Goto 1971; Mansouri and Nambu 1972; Goddard et al. 1973) from 
dual resonance models. The model supposes that hadrons can be 
approximated geometrically as a one dimensional continuum terminating 
at quarks or possibly diquarks. Reviews of string models have been 
given by Marinov (1977) and Rebbi (1974).
Typically a meson is a single string terminated by a quark and 
an antiquark (fig. 1(a)). There is no universally accepted configura­
tion for the baryon's geometry, though calculations in Chapter 5 
favour a single string terminated by a quark and a diquark. Other 
popular models are a Y-shaped structure with each leg terminating in 
a quark or a single string with one quark at the centre and quarks at
b
Fig. 1 Mesons (a) and baryons (b) constructed from the string
model.
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the extremities (fig. 1(b)).
The classical mechanics of the string is determined by the 
condition that the area it traces out in space time should be 
stationary with respect to small variations of the string's motion.
One allowable motion is a straight rigidly rotating string. This 
solution allows for mesons whose Chew-Frautschi plots are asymptoti­
cally straight at large angular momenta, in agreement with experiment 
(see for instance Tassie 1973a).
The string itself has been interpreted as a line of quantized 
colour flux (Tassie 1973b, 1974; Nielsen and Olesen 1973). The 
attractiveness of this interpretation lies in the fact that strings 
can be derived as a result of gauge theories: string like flux tubes
arise when a pure gauge field is coupled to an appropriate number of 
Higgs fields. We pursue this phenomenon in detail in Chapter 2.
On the other hand, the bag model supposes the quark and gluon 
fields to be confined within a region called a bag, like bubbles in 
a boiling liquid. The confining mechanism is an external pressure 
B , the bag constant, exerted on the fields at the surface. In the 
original MIT bag model (Chodos et al. 1974a) the Lagrangian density 
for a hadron is taken to be
£bag = 0(X)(£Q C D - B) (1-5)
where 0(x) takes the value 1 inside the bag and zero outside. The 
action is required to be stationary with respect to variations of the 
fields and also with respect to the position of the bag surface.
The resulting field equations cannot be solved in general, but 
certain approximate solutions have yielded useful results. A static 
spherical bag has been considered by Chodos et al. (1974b) and in
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more detail by De Grand et al. (1975). In this approximation the 
gluon fields are ignored. Fitting the results of the model to the 
measured low lying hadron states gives = 0.146 GeV. The static 
cavity approximation of the bag model is considered in detail in the 
review by De Tar (1979). Johnson and Thorn (1976) have examined the 
case of an elongated, string-like bag with high angular momentum.
They assume that the quarks separate out to opposite ends of the bag 
and can be ignored towards the centre. Lines of colour electric 
flux run parallel to the bag and terminate at the quarks. This model 
leads to an asymptotically linear Chew Frautschi plot with a slope of
about 0.88 (GeV) agreeing well with the experimental result for 
mesons.
Modifications to the original bag Lagrangian density (1.5) are 
many. Two examples are those by Theberge et al. (1980) and Brown 
and Rho (1979) who introduce an external pion field in order to 
restore chiral symmetry at the bag surface.
As mentioned earlier, we shall be concerning ourselves mainly 
with string models. We begin with an analysis of the Nielsen-Olesen
vortex.
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CHAPTER 2
THE NIELSEN-OLESEN STRING
The relativistic string has been interpreted as a tube of 
quantized colour magnetic flux (Nielsen and Olesen 1973, Olesen 1975, 
Tassie 1973b, 1974). By considering a U(l) gauge field coupled to 
a complex scalar Higgs field, Nielsen and Olesen have demonstrated 
vortex-like structures (flux tubes) which behave like the relativistic 
string in the strong coupling limit. This theory is a relativistic 
extension of the Ginzburg-Landau theory of superconductivity (Ginzburg 
and Landau 1950) which leads to the existence of Abrikosov filaments 
in type II superconductors (Abrikosov 1957).
Nielsen and Olesen (1973) point out that vortex solutions also 
arise when the gauge group is non-abelian and consider in particular 
the SU(2) case. In hadrons strings can be modelled as SU(3)/Z^ 
flux tubes. The flux tube is assumed to terminate in quarks which 
play the role of colour magnetic monopoles (Parisi 1975; Nambu 1974; 
Creutz 1974; Ezawa and Tze 1975; Tze and Ezawa 1976). This is achieved 
mathematically by including fictitious Dirac strings terminating at the 
quarks (Dirac 1931, 1948) or equivalently by couching the theory in the 
language of fibre bundles.
The role played by the quarks in this model differs from that of 
conventional QCD in which the quarks are colour electric charges.
Note, however, that the words 'electric* and 'magnetic' are inter­
changeable under a Hodge dual transformation, at least for the U(l)
9 .
case. One could perhaps speak of a flux tube terminating in point 
charges and arising from a magnetically charged Higgs field. In 
subsequent chapters it will be convenient to speak of the string as 
carrying colour flux and the hadrons as being colour singlets. One 
should be careful to keep in mind however that the sourceless Yang- 
Mills field equations are not invariant under the dual transformation 
when the gauge group is non-abelian (Wu and Yang 1975a).
Mandelstam (1975) has shown that the SU(3)/Z^ monopole-flux 
tube model of hadrons leads to quark confinement. For the system to 
have finite energy the net number of monopoles must be 3n , where 
n is an integer.
In the next section we shall summarize some results known for 
the infinitely long U(l) vortex and in the remaining sections 
concentrate on the problem of a semi-infinite vortex terminating in 
a monopole.
The cylindrical co-ordinates (p,<J>,z) and polar co-ordinates 
(r,9,4>) used throughout this chapter are illustrated in fig. 2.
z
Fig. 2 Cylindrical and polar co-ordinates for Chapter 2.
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§2.1 U(l) VORTEX WITHOUT MQNOPOLES
We begin with the Lagrangian density describing a U(l) gauge 
field coupled to a complex scalar Higgs field ip (Nielsen and Olesen 
1973). In local co-ordinates
£ = - j F yVFuv + Dyip* + V(|«|<|) (2.1)
where
fcV(M) = z 2 M 2 - c4|t|4 (2.2)
The covariant derivative and electromagnetic field are given by
D ^ = yr (8 + ieA )il;v y y;r
D \Ii* = (3 - ieA )i|; ^y y
and
(2.3)
F = a A - 3 A . yv y v v y (2.4)
One can view ip as a local section of a complex line bundle 
with connection A dx^1 .
From (2.1) we have the field equations
(3y +ieAU)(a + ieA )ip - 2c \p + 4c. |i^|2ij; = 0 (2.5)y y z 4
3\v = if (t*3v4< - <l>3vr) + e2AJ*il> (2.6)
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We restrict ourselves for the time being to solutions in two space 
dimensions, that is, to z-independent solutions.
The requirement that the energy per unit distance along the 
z-axis be finite places the following condition on the fields:
(9y + ieAy)tjj 0
M  ^ 2/2c4
• as p -* 00 . (2.7)
This can be achieved by the boundary condition at p = 00 :
Ao 0
A
i\) ~  / c 2 / 2 c ^  e ^ n (^
(2.8)
where n €= Z . From (2.8) we see that there is a countable 
number of gauge inequivalent possible boundary conditions.
Nielsen and Olesen have considered the case of a single static 
axi-symmetric vortex. With the boundary condition (2.8) the vortex 
carries a magnetic flux of magnitude 27rn/e in the positive z 
direction. The general form of the solution is
= |iHe113^ ; A = I A| $ (2.9)
where |ip| and |A| are graphed in fig. 3. No closed form of the 
solution has so far been found though certain existence and uniqueness
theorems have been established.
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P
Fig. 3 The approxim ate  b eh av io u r  o f  th e  v o r te x  s o lu t i o n s  |\Jj | 
and IAI .
The b eh av io u r  o f  v o r te x  s o lu t i o n s  i s  h e a v i ly  dependent on th e  
p a ram ete r  A d e f in e d  by
A2 = 8c4/ e 2 . (2 .10)
For A = 1 i t  has been e s t a b l i s h e d  (Taubes 1980) t h a t  t h e r e  e x i s t s  
a s t a t i c  s o lu t i o n  to  (2 .5 )  and (2 .6 )  unique up t o  gauge t r a n s fo rm a t io n s  
once th e  p o s i t i o n  and s t r e n g t h ,  n , o f  each v o r te x  in  th e  p lan e  i s  
s p e c i f i e d .  By a v o r te x  o f  s t r e n g t h  n E Z a t  th e  p o in t  (x ^ ,y Q) we 
mean t h a t
ij;(x,y) ~  c o n s t .  e^nCX (2 .11)
13.
near (x^y^) ; where a = arctan[(y-y^)/(x-x^)] and the constant 
is non-zero. Each vortex must have the same sign; no static mixed 
vortex-antivortex solutions exist.
The existence of static multivortex solutions mirrors the fact 
that vortices of the same sign do not interact when X = 1 . Numerical 
calculations by Jacobs and Rebbi (1979) show that like vortices 
attract if 0 < X < 1 and repel if X > 1 . This has led Jaffe and 
Taubes (1980) to conjecture that if 0 < X < 1 , the only static 
solutions are single vortex solutions of any strength, and that the 
solutions are unique up to gauge equivalence and translation. If 
X > 1 however, they conjecture that the only static vortices are 
those of strength n = -1,0,1 , once again unique up to gauge 
equivalence and translation. The existence but not uniqueness and 
stability properties of these solutions has been established.
The vortex takes on a string-like appearance in its strong 
coupling limit (Nielsen and Olesen 1973)
The characteristic lengths m * and m * are the reciprocals of the 
vector and scalar masses arising from the spontaneously broken 
symmetry in the potential (2.2) via the Higgs mechanism. They are 
given by
m = e/c~/2c. ; m = /2c0 .v 2 4 s 2 (2.13)
From (2.10) we see that X « ms/mv and so the strong coupling limit 
places no particular restriction on the value of X .
14.
In Chapters 4 and 5 we shall encounter string hadron models in 
which strings are folded back on themselves. In these circumstances 
it would be useful to know the interaction behaviour between close 
parallel strings. If the U(l) vortices described above can be 
taken as a guide, anti-parallel strings may be expected to coalesce 
and cancel or possibly form a bound state such as the 'breather mode' 
conjectured by Jaffe and Taubes (1980, p. 59). The behaviour of 
parallel strings will depend on the value of X .
§2.2 U ( 1) VORTEX WITH A MONOPOLE
Consider the problem of a semi-infinite Nielsen-Olesen vortex 
on the positive z-axis terminating at a magnetic monopole nailed to 
the origin. To deal with the magnetic monopole one can introduce 
a fictitious Dirac string (Dirac 1931, 1948) or introduce the notion 
of a complex line bundle (Wu and Yang, 1975b; Greub and Petry, 1975). 
In particular, we are dealing with a U(l) bundle over the base 
manifold IR3 - {0} .
The Lagrangian density is given in local co-ordinates by (2.1). 
We use two co-ordinate patches and defined by
Ux = R 3 - {(0,0,z) : z < 0}
U2 = ]R3 - {(0,0,z) : z > 0} .
(2.14)
Equivalently, one can think of a Dirac string placed along the 
negative or positive z-axis respectively. The following transition 
functions defined on the overlap n \]^ give a monopole of charge 
2nir/e at the origin:
15.
A°(2) . A°(l)
a (2) , A(l) _ JL$
ep ~
^(2) = e-in<(. ^(1)
In (2.15) the superscript (i) denotes quantities which are singular­
ity free in the co-ordinate patch U. . The vortex emanating from the 
monopole must carry a flux of 2n7T/e and have strength n .
In the static case with the gauge condition A° = 0 the field 
equations (2.5) and (2.6) become
(2.15)
(V-ieA)2i|/ = -2c 2ip + 4c 4 |^|2 ^ (2.16)
-Vx(VxA) = (\p*Vxp-ipVip*) -e2A|ip | 2 (2.17)
For large positive z the field A ^  and must match the
Nielsen-Olesen vortex solution (2.9). We try the ansatz
A*'2'* = a(p,z)J 
ip^ 2'1 = f(p,z) .
(2.18)
Agreement with the Nielsen-Olesen vortex at large z gives the 
boundary conditions that f(p,°°) and a(p,°°) + n/ep match the 
functions |A| and |ifj| in fig. 3.
By symmetry arguments we must have a = 0 and Bf/3p = 0  on 
the negative z-axis, while continuity of A ^  and imply that
f = 0 and a ~ n/ep near the positive z-axis. At large distances
1 6 .
from t h e  s t r i n g  A and ij; t a k e  t h e i r  vacuum v a l u e s ,  hence a ~  0
and f  ~  / c2/ 2 c^ away from th e  s t r i n g .
S u b s t i t u t i n g  (2.18) i n t o  (2 .16)  and (2 .17)  g ives  th e  p a r t i a l  
d i f f e r e n t i a l  e q u a t io n s
V2f  - e 2 a2 f  = - 2 c 2f  + 4c4 f 3 (2.19)
V2a - i a - e 2 a f 2 = 0 . (2.20)
P
These a re  n o n - l i n e a r  e q u a t io n s  and we cannot  expec t  t o  f i n d  an 
a n a l y t i c  s o l u t i o n .  We can ga in  some i d e a  o f  t h e  s o l u t i o n  a t  l a rg e  
d i s t a n c e s  from the  s t r i n g  by s e t t i n g  f  equal  to  i t s  vacuum value 
/ c 2 / 2 c 4  .
In s p h e r i c a l  p o l a r  c o - o r d i n a t e s  (r,0,(f)) , eq u a t io n  (2.20) 
becomes
2 1 a + — a +r r  r  r  2 . n r  s m  0
_9_
90
• Q 9a
s in0  39 2 2 r  s i n  0
2e c,
a = 0 .
( 2 . 21)
W rit ing  simply r  f o r  e ( c 2/ 2 c 4 ) r  and r e a r r a n g i n g  we have
2 _ 9r  a + 2r  a + r r  r  90 ITHe W  ( a s i n0 )
2- r  a ( 2 . 2 2 )
S e p a ra t in g  t h e  v a r i a b l e s  acc o rd in g  to  a = R(r)  0 (0) g ives
r 2R” + 2rR’ - ( r 2+A2)R = 0 (2.23)
1 7 .
_d_ _ 1 ____ d_
d0 s inö  d0- £ r  (0s in0)  + A20 = 0 . (2.24)
2
Allowing X  to  t a k e  th e  v a lues  £(£+1) we have
a ( r , 0 )  =
i Q K, ( r )  1+ cos© h
a0 s in 0  ^r
(2.25)
Legendre f u n c t i o n s  (B e l l  1968).  The f i r s t  term i s  chosen so t h a t  
a = 0 on t h e  n e g a t iv e  z - a x i s .  A l l  th e  a s s o c i a t e d  Legendre f u n c t i o n s
The c o n s t a n t s  a^ shou ld  be chosen to  make a ( r , 0 )  independent  
o f  z = r  s in0  f o r  l a r g e  z . An a p p r o p r i a t e  s e t  o f  c o n s t a n t s  has 
so f a r  n o t  been de te rm ined .  A lso ,  i t  i s  p o s s i b l e  t h a t  (2.25)  i s  no t  
a complete s o l u t i o n  to  th e  e q u a t io n  (2 .22)  s a t i s f y i n g  th e  c o n d i t i o n  
a = 0 on th e  n e g a t iv e  z - a x i s .
In o rd e r  t o  ge t  some id e a  o f  t h e  t r u e  s o l u t i o n  we c o n s id e r  j u s t  
th e  f i r s t  term. We have (Abramowitz and Stegun 1972, eq.  10 .2 .17)
1 + COS0 - r  
r  s in0  6 (2 .26)
The s u r f a c e s  o f  c o n s t a n t  f l u x  a r e  g iven  by
a r s i n 0  = c o n s t a n t . (2.27)
The l i n e s  o f  f l u x  a r e  shown in  f i g .  4.  Away from t h e  s t r i n g  we see 
t h a t  th e y  have th e  approxim ate  b eh av io u r  exp ec ted ,  b u t  e v e n t u a l l y
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tend toward the z-axis. For this solution the z-axis is a distributed 
sink and not a flux tube.
Fig. 4 Flux lines corresponding to the first term in (2.25).
§2.3 NON ABELIAN VORTICES
More relevant to hadron physics are non-abelian gauge theories. 
Nielsen and Olesen (1973) have studied briefly the vortices arising 
from SU(2) gauge fields coupled to two Higgs fields. The need for 
two Higgs fields is a topological one linked to the connectedness of 
the manifold M containing the vacuum states.
In general this manifold must contain closed loops which are not 
contractable to a point before vortex solutions can exist. Otherwise
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boundary c o n d i t io n s  such as (2 .8 )  which c a r r y  in fo rm a t io n  p e r t a in in g  
to  th e  v o r te x  can be t r i v i a l i s e d  by a con t in u o u s  gauge t r a n s fo rm a t io n .  
M a th em a tica l ly ,  v o r t i c e s  w i l l  on ly  occu r  i f  th e  f i r s t  homotopy group 
o f  th e  vacuum m a n ifo ld ,  tt^ (M) , i s  n o n - t r i v i a l  and fu r th e rm o re ,  
tt^ (M) g iv e s  a c l a s s i f i c a t i o n  o f  th e  p o s s i b l e  v o r t i c e s  (Tze and 
Ezawa 1976).
For a g e n e ra l  gauge group G th e  fo l lo w in g  theorem g iv e s  a w ell 
known te ch n iq u e  f o r  d e te rm in in g  th e  m an ifo ld  M o f  vacuum s t a t e s  
(Warner 1971, p. 123)
Let q: G x M M be a t r a n s i t i v e  a c t io n  o f  th e  Lie 
group G on th e  m an ifo ld  M on th e  l e f t .  Let m^  £  M , 
and l e t  H be th e  i s o t r o p y  group a t  m  ^ . Define a 
mapping
3: G/H + M by 3 (gH) = na (m0) .
Then 3 i s  a d iffeom orph ism .
By t r a n s i t i v e  a c t io n  we mean t h a t ,  g iven  m,n €= M , t h e r e  e x i s t s  a 
a in  G such t h a t
nQ(m) de=f ‘ n(a,m) = n . (2 .28)
In our a p p l i c a t i o n ,  t h i s  means t h a t  any vacuum s t a t e  i s  gauge 
t ra n s fo rm a b le  in to  any o th e r  vacuum s t a t e .  The i s o t r o p y  group H 
o f  niQ i s  d e f in e d  by
H = {a e  G: nG(mQ) = m0} , (2.29)
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t h a t  i s ,  th e  subgroup o f  G which le av es  m^  f ix e d .
Let us r e tu r n  to  th e  SU(2) v o r t i c e s  o f  N ie lse n  and O lesen 
(1973). The Higgs f i e l d s  a re  i s o s p i n o r s ,  so th e  gauge group le a v in g  
th e  Higgs p o t e n t i a l  V i n v a r i a n t  i s  a c t u a l l y  SU(2)/Z2 — S0(3) . 
Suppose only  one i s o t r i p l e t  Higgs f i e l d  ^ i s  used . Then any 
p a r t i c u l a r  vacuum s t a t e ,  say ,  w i l l  have i s o t r o p y  group H = U(l)
s in c e  r o t a t i o n s  in  i s o s p in  space about an a x is  in  th e  d i r e c t i o n
leav e  \jj  ^ i n v a r i a n t .  The vacuum m an ifo ld  i s ,  by th e  above theorem ,
M — G/H = S 0 (3 ) /U ( l )  =  S2 , (2 .30)
2 2 th e  2 -s p h e re .  But tt^ S  ) = {e} (every  c lo se d  loop in  S i s
c o n t in u o u s ly  deform able to  a p o in t )  and any v o r t e x - l i k e  boundary
2
c o n d i t io n  can be gauged away. However, s in c e  tt^  (S ) = Z , such 
a th e o ry  w i l l  produce monopole s o lu t i o n s  ( t ’Hooft 1974).
On th e  o th e r  hand, suppose two i s o v e c t o r  Higgs f i e l d s  i[i and 
X a r e  in t ro d u c e d .  I f
VOKx) = - c .( i |i2) 2 + d X2 + d /,(X2) 2
(2 .31)
e 2 <t>-X " e 4 (cj>.x)
2 2th e n  ij; , x and ^*X a r e  s p e c i f i e d  f o r  th e  vacuum s t a t e s .  
P rov ided  i|) and x do n o t  an t i^e same (o r  o p p o s i te )  d i r e c t i o n ,  
H = ( e )  and th e  symmetry i s  co m p le te ly  b roken . The vacuum m anifo ld  
i s
M =  G/H = S 0 (3 ) /{ e }  = SO(3) , (2 .32)
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and since tt^ (S0(3)) = there exist two inequivalent vortex 
solutions, namely the vortex with one unit of flux, and the no 
vortex solution.
In general, if one starts with a gauge group G with a non­
trivial first homotopy group and introduces enough Higgs fields 
to completely break the symmetry the vacuum manifold will be 
diffeomorphic to G/{e} = G and vortex-like boundary conditions 
exist. The vortices can be classified according to tt^  (G)
(Tze and Ezawa 1976).
§2.4 SU(3)/Z3 VORTEX WITH A MONOPOLE
Returning to the problem of hadronic strings, we note that if 
the gauge group G = SU(3) , strings will not occur since closed 
curves in the manifold of SU(3) are contractible to a point.
Instead we consider an SU(3) pure gauge field coupled to a set of 
Higgs fields transforming according to the adjoint representation 
SUC3) /Z2 • Since (SU(3)/Z^) = Z^ , quantized colour magnetic 
flux carried by the vortices will be defined modulo 3 (Tze and 
Ezawa 1976).
According to the procedure defined at the end of §2.3 we 
introduce enough Higgs fields to completely break the symmetry. As 
we shall see later, vortices carrying flux in the Xg direction in 
colour space require Higgs fields which make complete rotations in 
the (X^ -Aj.) or (X^-X^) plane as a large circle enclosing the 
vortex is traversed. It turns out (Ezawa and Tze 1976, Section III) 
that if two such fields are introduced, the isotropy group is reduced
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t o  th e  i d e n t i t y  and t h e  symmetry i s  com ple te ly  broken .
We t h e r e f o r e  c o n s i d e r  t h e  fo l l o w in g  Lagrangian d e n s i t y :
X = -J sF ^ .F ^  + + SsD^ X-D^ X
2 2
-  c40M ) + d2x-x - d4(x*x) (2.33)
+ e2ip.x ~ e4(ip.x)
where
.  3yAv aV + g  A^ A AV (2.34)
and
D i p =  (9 + g A a ) ip \y v p v (2.35)
ci a.The f i e l d s  ip = if; X and X = X x t r a n s f o r m  acc o rd in g  t o  th e
cl cl
3
a d j o i n t  r e p r e s e n t a t i o n  o f  SU(3) and A = A X i s  th e  v e c t o r
y U a
p o t e n t i a l .  The g e n e r a t o r s  X& and s t r u c t u r e  c o n s t a n t s  C ^ c o f  
SU(3) a r e  g iven  in  th e  appendix .  The q u a n t i t y  P a Q has  co­
o r d i n a t e s  C , PUQ and P.Q means P Q abc bxc a a
The l o c a l  f i e l d  e q u a t io n s  a re
(9y+gAuA) FUV = -g^A(3V+gAVA)\|j - gXA(3V+gAVA)x (2.36)
(9y+gAy A) (3y+gAyA)^  = 2c2^ - 4 c4 (ip.ipjip + e 2x - 2e4 (ip.x)X (2.37) 
(9y+gAyA) (3y+gAyA)X = 2d2X - 4d4 (X*X)X + e 2^  " 2e4 ^ - X ) ^  • (2.38)
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The vacuum states are defined by the properties
M  = (c 2/2c 4)^; X-X = (d2/2d4)^; ip.X = (e2/2e4)^ . (2.39)
We shall examine these field equations for a semi-infinite 
vortex terminating in a monopole. The setup is essentially the 
same as that of §2.2 with the co-ordinate patches defined by (2.14). 
For the gauge transformation linking and U2 we take
*a2) = “PO'i’Vab 
Xa2) = ^ P t ^ V a b  Xb13
(2.40)
where XQ is the 8 x 8  representative of XQ in the adjoint
O O
representation, that is
^ V a b  C8ab
0
0
0
(2.41)
with ö2 the second Pauli matrix. Restricted to the (4-5) or (7-8) 
plane the gauge transformation (2.40) is the rotation
coscj) sin4>
-sincf) cos(j)
exp (-4>Xg) (2.42)
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The t r a n s f o r m a t i o n  has no e f f e c t  on t h e  1 , 2 , 3  o r  8 components.  
C o r re spond ing ly ,  Ay = AyX t r a n s fo rm s  as
3. ci
Ay(' 2') = ÜAy ^  U '1 + -  U 8yU_1 (2.43)
g
where U = exp(-(f)X0) .
O
We s h a l l  t r y  th e  a n s a tz
1 , . . . , 7
A0 (2) 
8 =  0
A
= a ( p , z ) ^
(2.44)
where a ( p , z )  = o ( (pg)  1) as  p->°° .
S u b s t i t u t i n g  t h i s  i n t o  t h e  i n v e r s e  o f  (2 .43)  g ives
= [a+ (p g )_1] J  (2 .45)
as t h e  on ly  non -ze ro  component o f  ^  . In t h i s  gauge t h e  s t r i n g  
c a r r i e s  A0-c o lo u re d  f l u x  o f  magnitude 2tt/ g a long  th e  p o s i t i v e  z
O
d i r e c t i o n .
We f u r t h e r  a t t e m p t  t h e  a n s a tz
25 .
\p(2  ^ =  =  0  • ^1,2,3,8 Ä 1,2,3,8 ’
'  *4 '
(2)
= —  f(P,z)u ; X '
^5V. ✓
/2 ^7v. •/
( X 1 X4
(2)
= —  f(p,z)w ; ’  x6 '
k X5 /2 „  X ?  .
(2)
(2)
= —  f(p,z)v ;
/2
= —  f(p,z)x 
/2
(2.46)
where u, v, w and x are fixed component unit vectors. At large 
distances from the string and monopole and X take their vacuum 
values (2.39). Hence
£ ~  (c2/2 c4) !i = (d2/2d4) % (2.47)
and the ansatz (2.46) places restrictions on the relative values of 
^ 2 * ^43 2^ d^ .
In and x ^  execute complete rotations in the
(4-5) and (6-7) planes as the z-axis is encircled.
We next substitute the ansatz (2.44) and (2.46) into the field 
equations (2.36) to (2.38). Consider first equation (2.36). From 
(2.34) and (2.44) we see that F lies in the 8-direction in 
colour space and so A^1 a F = 0 . Thus (2.36) becomes
V x (VxA) = g^ A(V-gAA)ij; + gXA (V-gAA) x . (2.48)
Only the 8-component of the left hand side is non-zero. Substituting 
(2.44) and (2.46) into the right hand side of (2.48), a straight­
forward calculation using the structure constants in the appendix 
gives, from the 1, 2 and 3 components respectively
U. V + w.x = 0 (2.49a)
-¥ -> (2.49b)U X V + w*x = 0
2u - 2 2 2 v + w - x = 0 . (2.49c)
The last of these is trivially satisfied while (2.49a) and (2.49b) 
give
ip.y = u.w + v.x = 0 . (2.50)
Since this condition must hold, in particular, at large 
distances from the string, (2.39) tells us that the restriction
e2 = 0 ; e4 t 0 (2.51)
+must apply before our ansatz can be a solution .
The 4, 5, 6 and 7 components of (2.48) are trivially 
satisfied. The 8-component gives
t Without the condition e^  ^0 , transitivity of the action of 
the gauge group on the vacuum manifold breaks down and the 
theorem of §2.3 is not applicable.
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2 1 2 2 V a - - j  a - 2g a f  = 0 .
P
(2 .52)
C onsider  n ex t  e q u a t io n  (2 .37) which s i m p l i f i e s  to
V2i|j + g2a 2Xg a (XgAip) = -2 c2iJj + 4c4 (ip.ip)ip (2 .53)
w ith  ou r  a n s a tz  and th e  c o n d i t io n  ip. x = 0 • Using th e  t a b l e  o f  
s t r u c t u r e  c o n s ta n ts  one o b ta in s  X a (X0a^ )  = - üj and soo o
C onsis tency  r e q u i r e s  t h a t  c 2 = d2 and c^ = d^ .
Note f i n a l l y  t h a t  (2 .52 ) and (2 .54) can be made to  ag ree  w ith  
(2 .20 )  and (2 .19) from th e  a b e l ia n  case  by r e s c a l i n g  f  and 
a d j u s t in g  th e  p a ram e te r  c^ a p p r o p r i a t e l y .
§ 2 . 5  SUMMARY AND REMARKS
We have seen t h a t ,  p ro v id e d  c e r t a i n  c r i t e r i a  a re  met, th e  
SU(3)/Zg s t r i n g  t e rm in a t in g  in  a monopole reduces  to  th e  same s e t  
o f  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  as th e  U(l) c a s e .  These 
c r i t e r i a  a re  t h a t  in  th e  Lagrang ian  d e n s i ty  (2 .33) we have
2 2 2 3V f  - g a f  = - 2 c 2f  + 4c4 f (2 .54)
A s i m i l a r  c a l c u l a t i o n  from (2 .38) g iv e s
v 2 f  - g2a2f  = - 2 d 2 f  + 4 d 4 f 3 . (2 .55)
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c2 = d2 » c4 = d4 5 e2 = ° and e4  ^0 * (2.56)
The result will also hold for a static meson consisting of a monopole 
and anti-monopole nailed to the z-axis and joined by a vortex. It 
would also be worthwhile considering the more realistic model of a 
rotating meson in which a finite mass monopole and anti-monopole are 
held apart centrifugally.
This model exhibits certain similarities with the bag model 
described in §1.2. For the vortex terminating in monopoles, the 
electromagnetic field (or gluon field) is confined to the region of 
the vortex, and the Higgs fields are close to zero in the same region. 
Outside this region the fields take their vacuum values and (2.33) 
reduces to (when 2.56 is satisfied)
£ = c^/2c^ = constant (2.57)
away from the vortex. The geometry is similar to that of Johnson 
and Thorn's string-like bag (Johnson and Thorn 1976) in which the 
bag pressure is balanced by the gluon field inside an elongated 
rotating bag.
29.
CHAPTER 3
THE STRING MODEL WITH POINT QUARKS
We have seen in the last chapter that a colour gauge field 
coupled to an appropriate number of Higgs fields can admit classical 
solutions resembling strings terminating in point colour magnetic 
monopoles. Because of the difficulty in solving the non-linear field 
equations describing vortex-monopole systems it is reasonable to go 
straight to the strong coupling limit of the infinitesimally thin 
Nambu string. One then adds point-like massive particles with 
internal symmetry to the string ends in an effort to produce a 
dynamical model of hadrons.
In this chapter we review the standard string model with added 
point-like quarks stressing in particular the results we shall be 
using in subsequent chapters.
§3.1 THE MODEL
Several authors have considered models of hadrons made of point 
quarks joined by string. Chodos and Thorn (1974) and more recently 
Johnson and Nohl (1979) have produced classical models of mesons 
consisting of a single string terminated by massive scalar quarks. 
Starting from a simplified Nielsen-Olesen string terminated by
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magnetic  monopoles, Nambu (1974) has produced an e f f e c t i v e  Lagrangian 
s i m i l a r  t o  t h a t  o f  Chodos and Thorn bu t  w i th  an e x t r a  Yukawa i n t e r a c t i o n  
between th e  end p o i n t s .  I f  t h e  s t r i n g  le n g th  exceeds  th e  i n v e r s e  mass 
o f  th e  v e c t o r  f i e l d  a r i s i n g  from t h e  N ie l se n -O le se n  model,  t h e  s t r i n g  
energy  dominates  and th e  Yukawa te rm can be n e g l e c t e d .
More s o p h i s t i c a t e d  r e f in e m e n t s  t o  t h e  q u a r k - s t r i n g  model have 
been made by Bars and Hanson (1976),  Kikkawa and Sato (1977) and 
Kikkawa e t  a l .  (1978a) t o  i n c lu d e  f e rm io n ic  quarks  in  s i n g l e  s t r i n g  
mesons. In t h e  h igh  a n g u l a r  momentum l i m i t ,  mesons c o n s t r u c t e d  from 
t h e s e  mesons have Chew-Frautschi  p l o t s  w ith  t h e  same a sym pto t ic  s lo p e  
as t h a t  f o r  a s i n g l e  s t r a i g h t  r o t a t i n g  s t r i n g  w i th  f r e e  ends .  Kikkawa 
e t  a l .  (1978a,b)  r e p o r t  t h a t  t h e i r  model g iv e s  good agreement w i th  
exper iment f o r  mesons c o n t a i n i n g  charmed q u a rk s ,  bu t  t h a t  t h e  a g r e e ­
ment i s  no t  so good f o r  lower mass s t a t e s .
Kikkawa e t  a l . (1979) have f u r t h e r  r e f i n e d  t h e  q u a r k - s t r i n g  
model t o  a l low f o r  t h e  c o n s t r u c t i o n  o f  baryons and e x o t i c  hadrons .
I t  i s  t h i s  model, a l lo w in g  f o r  a number o f  s t r i n g  segments w i th i n  th e  
hadron meet ing t h r e e  a t  a t im e ,  which we s e t  ou t  below.
The c l a s s i c a l  a c t i o n  f o r  t h e  q u a r k - s t r i n g  model o f  a hadron 
c o n s i s t i n g  o f  N s t r i n g s  and I quarks  i s  t a k e n  t o  be
A /  dT I  /  d a
K= 1
£  + 
K S t  ,K /  dT
I
l
i= l
L . 
q > i
(3 .1 )
where
JC (x ,x ) 
S t , K v KT K tr
- 1 r r  , 2 2 2
r  [ ( x  . X  )  -  X X ]
' KT KG KT KG2 ttcx
(3 .2 )
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is the Lagrangian line density of the Kth string. The world sheet 
traced out by the Kth string is given by xy (T ,a) where x is a 
timelike parameter and a a spacelike parameter. The subscripts 
t and a stand for 3/3t and d/do respectively. The integral 
over the world sheet of is the usual action for the relativistic
string (Goddard et al. 1973) and leads to the condition that the area 
traced out by the string in space-time is stationary with respect to 
small variations of the world sheet.
The Lagrangian Lq>. for the ith quark or antiquark
is a functional of some set of quark fields t|j“ and the world line 
xV(x) traced out by the quark. The exact form of L depends on
q.i
the particular model. We shall consider later in some detail the 
case of fermionic quarks modelled on the Dirac equation. Colour and 
flavour indices on the quark fields ^  have been suppressed. In 
this model colour only affects the topology of the string hadron and 
not the subsequent dynamics.
Strings terminate at a quark or three at a time at a string 
junction in configurations consistent with the flux conservation 
law of SU(3) (Artru 1975, Collins et al. 1975). That is, colour 
flux is conserved modulo 3 according to Mandelstam's triality 
condition (Mandelstam 1975, Wilson 1974). This imposes on the action 
(3.1) the joining conditions:
\ ( T,a = string node) = x6(t ,g = string node) = x^(x,o = string node) 
where the k , 6  ^ and strings join and
(3.3a)
(3.3b)x (t ,ö = string node) = x. (t)K 1
where the string terminates at the i ^  quark.
The action (3.1) gives the Euler-Lagrange equations
3t
(3.4)
, . y 2 U(x .X ) X - X X v KT K0J KÖ KG KT
~  72 2[ (x .X ) - X X ]KT KG' KT KG
> +
r . y 2 ]1(x .X lx - X X v KT KG7 KT KT KG
r f >.2 2 2 - ,^[ (x .X ) - X X ]v KT KG' KT KG
for each string and
_d_
dT
Jq»i
it
(3.5)
for each quark, together with the joining conditions 
t (k) = dpiU
U dt
where the string meets the i ^  quark and
(3.6)
l = 0 (3.7)
K ^
where strings join at a node. In (3.6) and (3.7) the tension in the 
thk string is defined by
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t (k)
y
3 jC
S t  ,K
9x*
KQ
2tto, 1
(x .x )x - x2 x _ 
KT KCr KT]J k t  Koy
r c n 2 2 2 - | ^ 2[ (x .X ) - X X ]
KT KO KT K 0
(3.8)
where the upper sign is to be taken if a increases moving away from 
the node or quark, and the lower sign if o decreases, and
Py (3.9)
denotes the momentum of the it quark conjugate to its co-ordinate
xV .l
Assuming the action (3.1) to be Lorentz invariant, Noether's 
theorem provides us with the energy and angular momentum of the 
string hadron. The total energy is given by
E =
N
l
K= 1
/ doJ K (3.10)
and the total angular momentum by
N l I da
K=1 Kyv l ji = l iyv
(3.11)
where and J ^ are the energy and angular momentum densities
thof the k  string and 1L and cL are the energy and angular 
momentum of the i ^  quark. They are given by (suppressing the indices 
K and i) ,
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9JC
if - st . x - f~T St3x
J
~T
3JCst d£  ^st
X - ---- Xpv 3xP V , VdX y
H =
3L
— 3. ^
3L
+ ^  .X - L~ ,a rx 3x ~T~T q
J = S +
3L
— 3- x -
3L
__9.yv yv Sx^ V 9xV
In (3.12) to (3.15) we have used the ’time-like' gauge 
xy(a,x) = (t,x (g ,t)) .
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)
The spin part of the quark angular momentum is given by
(3.17)
where i« are the generators of the homogeneous Lorentz group
cxappropriate to the transformation properties of the fields ip 
In table 1 we list these generators for the representations of 
interest to us.
Representation Generators
Scalar, (0,0) 
Dirac, (0,Ji)®(%,0) 
Vector,
ij$ = 0»yv
i = -k i0^yv yv
ß~ y gvß " v gyß
Table 1. Generators of the homogeneous Lorentz group in the 
scalar, Dirac and vector representations.
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§3.2 THE DIRAC FIELD RESTRICTED TO A WORLD LINE
We return to the quark Lagrangian occurring in the action
(3.1) and consider in particular the Lagrangian obtained by
restricting a free Dirac field to a particular world line.
By demanding that the field derivatives normal to a given
submanifold of Minkowski 4-space vanish, Bars and Hanson (1976)
give a recipe for restricting a free classical field, described
by a Lagrangian density, to that submanifold. In particular,
if a field with Lagrangian density ) is to be restricted> U
to the world line x^(t) , then the following algorithm gives a 
Lagrangian defined only on the world line:
i) replace *KX) by ^(t)
2, -1ii) replace by xyT(xT) ^
2 hiii) multiply by an overall factor (x )
(3.18)
By applying this algorithm to the free Dirac Lagrangian 
density
j V Yu 3 P t - $"■!> (3.19)
Bars and Hanson determine the contribution to the action for 
fermionic quarks at the extremities of a relativistic string.
The quark Lagrangian for each quark is given by
o
Lq = I XT (x^r!sÜ Y y?F'l’} ■ (XT)h ^  • (3-20)
Varying the action with respect to gives the restricted Dirac 
field equation
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i(s) + (^i(s)^(s) + im^(s))ip(s) = 0 . (3.21)
In (3.21) the parameter t has been set equal to the proper time 
s along the world line. Dots indicate differentiation with respect
These results have also been obtained by Kikkawa and Sato 
(1977) using an approach from lattice gauge theory. In their 
treatment the quark field is a Grassmann algebra valued a-number 
(Berezin 1966). In most subsequent applications it will be sufficient 
for our purposes to consider only complex valued solutions to the 
wave equation (3.21).
In the following chapters we shall concern ourselves with rigidly 
rotating configurations of string hadrons. For these configurations 
we can take the world line x^(t) to be that traced out by a point 
executing uniform circular motion in the x-y plane. Equation (3.21) 
has been solved for this particular world line by Kikkawa et al. 
(1978a), and we summarise the results below.
Setting t equal to the co-ordinate time x° , the world line 
is given by
where p is the radius of orbit and co the angular frequency. By 
defining a such that poj = sina , the four linearly independent 
solutions can be written as (using a similar notation to Bars and 
Hanson (1976) with s = tcos a = proper time)
x^(t) = (T,pcoswT,psinu)T,0) (3.22)
3 7 .
ip.(s) = exp(-%io)Tö12)^i (s) . (3.23)
The matrix exp(-^iarua^) is a rotation through an angle art about 
the z-axis in the Dirac representation of the homogeneous Lorentz 
group. The spinors ip are given by
2u ? exp[-i (m-Sco sec a)s] 
1 , z
U1 2 exP(“iki 2s-* ’
(3.24)
which are positive energy spinors and
ip2 ^(s) = 2 exP[i (®+Su) sec a)s]
v 1 ;2  exP ( - i k 3 ,4 s:) •
(3.25)
which are negative energy spinors. The spin S takes values ± h  
corresponding to the subscripts 1 and 2 respectively. The spin 
matrix is determined from (3.17) and is given by
Syv = ^  {öy v ^  ^  * (3.26)
3The third component of spin, S = S^2 , takes the values Ssec a ,
2 2where sec a = (1-p w ) 2 is a Lorentz factor.
The four component spinors u^, u2, v^ and v2 are given
by
38.
= ^[cosa(l-cosa)]-h
sin a 
i (cosa-1) 
sin a 
i(1-cosa)
(3.27a)
u2 = %[cosa(l-cosa)]-h
l-cos a 
-i sin a 
cos a-1 
-i sin a
(3.27b)
v = %[cosa(l-cosa)]-h
i sin a 
1-cos a 
-i sin a 
1-cos a
(3.27c)
v2 = %[cosa(l-cosa)]-h
i(cosa-1) 
-sin a 
i (cosa-1) 
sin a
(3.27d)
The nature of these solutions becomes clearer if we go to the 
instantaneous rest frame. Transforming from the 'laboratory' frame 
to the rest frame at s = 0 is effected by the matrix
3 9 .
sec a 0
0 1
-tan a 0
0 0
= (exp[iv$02])^  ,
that is, L^xV (0) = (1,0,0,0)T . 
in table 1 and v is defined by
tan a 0
0 0
sec a 0
0 1
The generator i ^ ^  i-s defined
cosh v = sec a, ; sinh v = tana . (3.29)
The Dirac representative of the matrix (3.28) is
L = exp[ - C02l
= cosh - i^02 sinh hv
h(1+cosa) -i(l-cosa) 2 0 0
1
%(2cosa)
i(1-cosa) 2 
0
h(1+cosa)
0
0
h(1+cosa)
0
i(l-cosa) 2
0 0 -i(l-cosa)^ h(1+cosa)
(3.30)
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Applying this matrix to the 'laboratory' frame four-spinors (3.27) 
gives the following spinors:
r  i  i  
0 .
r  >0
1 .
1  ' 
0 1
r  \r 0
- 1
1 i u ^  =2  Jl 0
V  =  -----
y 1
1  / 2
- 1 1 ^
 
IICxi
>
0
0V. J 1V. > 0 1V. /
(3.31)
These are the solutions to the restricted Dirac equation at s = 0
in the instantaneous rest frame.
In this frame the spin S becomesr yv
f +
hl> a ^ i f  t  0
S = = ■yv 4 r yv* '0 Y (3.32)
if y or v = 0
This last formula is valid irrespective of the world line. For each 
of our spinors (3.31) one easily checks that the only non-zero
3component of spin is S = = according to the sign of the
spin S defined above.
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CH A P T E R  4
RIGIDLY ROTATING STRINGS, EXOTIC MESONS 
AND GLUEBALLS
The best line of attack for finding solutions to the model 
described by the action (3.1) is to start with the string equation 
(3.4). There is one particularly well known solution to this 
equation, namely the rigidly rotating straight string (Rebbi 1974). 
One easily checks that the world sheet
x^(q ,t) = (T,acoswT,asinwT,0) (4.1)
with co constant is a solution to (3.4). If there are no quarks 
in the theory, the ends of the string move at the speed of light 
and -1 < gw < 1 . If quarks are included the length of the string 
is determined by the condition (3.6).
The set of possible hadrons that can be constructed from these 
straight string segments using the model set out in Chapter 3 has 
been exhaustively studied by Kikkawa et al. (1978a, 1979) with the 
exception of hadrons containing diquarks. We shall be pursuing the 
problem of diquarks in subsequent chapters.
In this chapter we obtain a broader family of solutions to the 
string equation (3.4), the rigidly rotating configurations, and
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examine the hadrons which can be constructed from these solutions 
(Burden and Tassie 1982a,b).
§4.1 RIGIDLY ROTATING STRINGS
We shall confine ourselves to solutions of equation (3.4) which 
have constant angular velocity w about the z-axis. Although it is 
well known in classical non-relativistic mechanics that a rotating 
rigid body with constant angular momentum does not necessarily have 
constant angular velocity it is debatable whether analogous motions 
should be called 'rigid' in relativistic mechanics. Furthermore, 
such motions would correspond to excited states and would not be 
easily observable compared with states on the leading trajectory.
We therefore omit motions which do not have constant angular 
velocity from the calculations.
Working in the time-like gauge x^(t ,g) = (t ,x (t ,o)) , we use 
for the space-like parameter o the radial distance r from the 
z-axis. Equation (3.4) can then be written
(4.2a)
0
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d_
3t
-fx .x )x + x x ~T ~r ~r ~r ~x
2 2 2 is[(xT.xrr + d-x;)/]2
+ _9_9r
-(x .x )x - (1-X2)x }~T ~r ~T ~t ~r 1
[^ x^r)2+ (1'^)Jr]ä5 J
(4.2b)
Using cylindrical co-ordinates (r,0,z) , the co-ordinates
of the string at time T are
x(T,r) = (r,6(r) + ooT,z(r)) (4.3)
where 6(r) and z(r) are the initial azimuthal and axial 
co-ordinates of the string. We have
= r + rcj)0 + £k (4.4a)
A
= r w 0  (4.4b)
where
<J>(r) d0dr * (4.5)
The four components of the string equation (4.2) can then be written
_d_ 
dr *
cor (j)
7777277, 2 2. 2 ,2 ,%
[ (1+C ) (1-r co ) + r (j) ] 0 .
(4.6a)
4 4 .
_d_
d r
i 2 21 - 0) r
r ( i r 2 '» n  2 2. 2 , 2 . %[ (1+C ) ( 1 - r  co ) + r  <j> ]
2 2 2 -co  r ( l + C  ) + ref)
r ri  _2. ri 2 2, 2 ,2 .%  ( 4 . 6b)[ (1+C ) ( 1 - r  co ) + r  <j) ]
_d_
d r
r(J>
r f , , 2. 2 2. 2 .2 ,%[(1+C ) ( 1 - r  co ) + r  <j> ] r f  ■, „ 2. f  2 2. 2 , 2 , %[ (1+C ) ( 1 - r  co ) + r  <J) ]
( 4 .6 c )
_d_
d r
, ,  2 2.( 1 - c o  r  ) C
r n  >-2. n  2 2. 2,2-,%[ (1+C ) ( 1 - r  co ) + r  (J) ]
0 . ( 4 . 6d)
To o b t a i n  e q u a t i o n s  ( 4 .6 )  u se  h a s  been  made o f  t h e  i d e n t i t i e s
- *2 ( 4 . 7 a )
= =  -*~ r
(4 .7b )
A l t e r n a t i v e l y ,  e q u a t i o n s  ( 4 .6 )  can be o b t a i n e d  by n o t i n g  t h a t  t h e  
i n v a r i a n t  a r e a  e l e m en t  o f  w o r ld  s h e e t  i s  g i v e n  by
r j  2 2 2 . -1  2jq2 j  2.% 2 2. %, .dA = ( d r  + ( 1 - c o  r  ) r  d0 + dz ) . ( 1 - c o  r  ) d t ( 4 .8 )
and hence  t h e  a r e a  o f  t h e  w o r ld  s h e e t  t r a c e d  o u t  by t h e  s t r i n g  i s
/dA = / [  (l-co2r 2) (1+C2) + r 2(j)2 d r  d t  . ( 4 .9 )
M in im iz in g  (4 .9 )  w i t h  r e s p e c t  t o  z and 0 g i v e s  e q u a t i o n s  ( 4 .6 a )  
and ( 4 . 6 d ) .  The r e m a in i n g  e q u a t i o n s ,  ( 4 .6 b )  and ( 4 .6 c )  can be
d e r i v e d  from t h e s e .
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There e x i s t s  a two p a ram e te r  fam ily  o f  s o lu t i o n s  to  e q u a t io n s  
(4 .6 )  g iven by
AAr
r , 2  2 r .2 2 2 . . 2 , 2 2 . M[A r  (1-A -03 r  ) -A (1-03 r  ) ]
(4 .10)
<J>
2 2___________ A(l-O) r  )_____________
r, 2 2 r, . 2 2 2. . 2 2  2.r[A r  (1-A -03 r  ) -A (l-o) r  ) ] z
(4 .11)
where A and A a r e  a r b i t r a r y  r e a l  i n t e g r a t i o n  c o n s ta n t s  r e s t r i c t e d
in  t h e i r  a l lo w ab le  v a lu e s  by th e  c o n s t r a i n t  t h a t  £ and (f) shou ld
be r e a l .  I t  i s  s u f f i c i e n t  to  c o n s id e r  on ly  th e  cases  A > 0 , A > 0
s in c e  changing th e  s ig n  o f  one o r  b o th  o f  th e s e  m ere ly  changes th e
s ig n  o f  C o r  4> , which p h y s i c a l ly  co rresponds  to  a m i r ro r  image
o f  th e  s t r i n g .  The term  in  sq u a re  b r a c k e ts  in  th e  denom inators  o f
2
(4 .10) and (4 .11) i s  a q u a d r a t i c  in  r  and w i l l  be p o s i t i v e  
p ro v id ed
2 2 4  2 2 2  2 2  2-A 03 r  + [ A 03 + A (1-A ) ] r  - A > 0 (4 .12)
over some range o f  r  , t h a t  i s ,  p ro v id ed
I Ao3-AI > AA (4 .13)
We th e r e f o r e  have t h a t  A and 
in  f i g .  5.
I t  t u rn s  ou t t h a t  03r ^  1 
s o lu t i o n s  ly in g  below th e  l i n e
A l i e  in  th e  shaded area in  th e  graph
acco rd in g  as Ao3 ^  A , t h a t  i s ,
Ao3 = A a re  ta c h y o n ic  and th o se
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above the line A go = X are ''physical" tardyonic solutions. From 
here on we ignore the tachyonic solutions/t"
Equation (4.10) integrates to give (Dwight 1965, equation 
380.001)
z - const. _____________ AAr dr______________
r , 2  2ri .2 2 2. . 2 , ,  2 2. MJ [A r (1-A -go r ) - A (1- go r )]
______ Ar dr________
r , 2 2. f 2 2. -MJ ü}[ (r2-r ) (r -r^ ]
(4.14)
_A_
2go arccos
where
2 2, 2. -1 r r ,, . 2. .2 .2 2 ,r^ 2 = (2go A ) { [ (1-A )A + A go ]
(4.15)
/rrr, .2, , 2 .2 2,2 , . 2 2,2o+ /([(1-A )A + A go ] - 4A go A ) }
2
are the roots of the quadratic in r in the denominator of the 
integrand. Rearranging (4.14) we have
2r r2 sin2 [ ^  (z-const.)] + r2 cos2 [ (z-const.)]
(4.16)
t The term 'tachyonic' is perhaps misleading because these solutions do 
have tardyonic normal velocities. The solutions will be examined in 
a future paper, with particular emphasis on the planar solutions, which 
turn out to be rotating epicycloids.
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Fig. 5 The parameter space of rigidly rotating solutions to the
string equation and some specific solutions.
4 8 .
so t h e  s t r i n g  l i e s  be tw een  two c o n c e n t r i c  c y l i n d e r s  o f  r a d i i  r^  and 
r 2 '
The 0 dependence  i s ,  f rom (4 .1 1 )  (Dwight 1965, e q u a t i o n s  
3 8 0 .0 0 1 ,  380.111)
0 - c o n s t .  =
A ( l - w ^ r ^ ) d r
r12 2 n  .2 2 2s .2 ri 2 2s Mr [X r  (1-A -w r  ) -A (1-w r  ) ] z
_A_
Aw
r  d r
2 r r 2 2W 2 2s
r [ (r 2- r  ) (r - r 1) ]
Aw
X
r  d r
x ( 2 2s , 2 2s.[ ( r 2 - r  ) ( r  - r ][) ] ( 4 .1 7 )
^  a r c s i n
2 2 r  +r  1 2
2 2
X2~r l
0 2 2 2 r  r  
1 2
2 r 2 2sr  ( r 2- r x)
Aw+ — j -  a r c s i n
2 2 _ 2
r l  + r 2 " 2 r
2 2 r  - r  2 1
There  a r e  c e r t a i n  l i m i t i n g  c a s e s  o f  t h e  above s o l u t i o n s  which a r e  
e a s y  t o  i n t e r p r e t .  We l i s t  them be low .
i )  I f  A t e n d s  t o  z e ro  we have  (J) = C = 0 , g i v i n g  t h e  u s u a l  
r o t a t i n g  s t r a i g h t  r a d i a l  s t r i n g .
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ü) 2 ^If A -> 00 , then -> 0 and -> (1-A ) 2/co giving the 
solution
2 h(1-A j 2 ra) f „r = ----- -—  cos[7- (z-const.)J03 L A
0 = const.
(4.18)
so the string is in the shape of a sine wave and lies in a 
rotating plane.
iii) If A03 - A = AA , r^ = r^ = (l-A^)^/u) and the string is 
the shape of a helix making an angle of
r 2 J"= arctan = arctan(l-A ) 2 (4.19)
with a plane arranged perpendicular to the z-axis.
iv) The point A = 0  , A = 0 in fig. 5 conceals a 1-parameter 
family of solutions obtainable by approaching the point 
along the curves
BA - Ao) = AA , 0 < B < 1 (4.20)
shown. The region of physical solutions in the A - A plane 
is mapped into the region 0 < B < 1 , A > 0  in the B - A
plane with the point (A,A) = (0,0) now represented by the
arctan 1_ chz Ir d0
section 0 < B < 1 of the B-axis.
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Writing the solutions (4.10) and (4.11) in terms of the 
parameters B and X and taking the limit X -> 0 gives the 
new solutions
dz
dr C = o ; d0dr <f> B(l-032r2)^r(w2r2-B2)^ (4.21)
The first equation says that the curve lies in the plane 
z = const. The second integrates to give
0 - const. = \ arcsin
2 2 2 2(l + BZ)o) r -2B
2 2 2(1-B ju) r
+ —  arcsin l+B2-2co2r2
1-B2
(4.22)
From (4.21) we see that d0/dr is zero at oar = 1 and infinite 
at oor = B , and also that B < oar < 1 . The corresponding 
limits on 0 are (B-1)tt/4 < 0 < (1-B)tt/4 . The shape of the 
string is shown in fig. 6. Since replacing <J> by -<J> gives 
a legitimate solution to the equations (4.6) the curve in fig. 6 
has been analytically continued by reflection in the line 
0 = (B-1)tt/4 . In the limit B -> 0 the string becomes the 
familiar straight string. In the limit B ■> 1 the string 
shrinks to a point moving in a circular orbit at the speed of 
light.
The solutions i) to iv) are shown schematically in fig. 5.
We note that the curves (4.22) are not the same as the geodesics 
on a rotating disc (Arzelies 1966). The difference lies in the
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6 The Pla n a r  string solution (4.22) extended by reflection 
in the line 0 = (B-l)ir/4
factor (1-03 r ) 2dt in (4.8) which takes care of time dilation in 
the invariant area element at a radius r from the centre.
We also note that equation (4.22) can be written as
0 - const. ’ ^(1-B) arccos r2-Br(l-B)
- *s(l+B) arccos r r2+B r(1+B)
(4.23)
This is the equation of a hypocycloid, that is, the locus of a point 
on the circumference of a circular cylinder which rolls without 
slipping on the interior of a larger cylinder.
52.
§4.2 RIGIDLY ROTATING STRING HADRONS
We now try to construct rigidly rotating classical hadrons 
from the model described in Chapter 3 using the rigid rotator 
solutions to the string equation found in the previous section. 
Any such hadrons will contain quarks or antiquarks executing 
uniform circular motion about the z-axis. For the fermionic 
quarks discussed in §3.2 executing uniform circular motion, the 
rate of change of momentum given by the right hand side of (3.6) 
is directed along a radial line through the z-axis and has no 
time component. The tension in the string or strings emanating 
from such a quark must match this direction.
Substituting the general rigid rotator solution (equations 
4.10 and 4.11) into the definition (3.8) of the tension in the 
string gives, with the help of equations (4.4),
2(x .x )x + (1-x )x ~t ~r ~t v ~t ~r
rr >.2 ,, 2^ 2 -M[(x .X ) + (1-X )x ]L ~t ~rv v ~t ~r
(4.24a)
= ± 2 ^  sgnCXH C_1r+ (r^^e + k]
(4.24b)
5 3 .
where the upper sign applies if r increases moving away from the 
quark and the lower sign if r decreases, and = (Tq ,T) . With 
the help of (4.10) and (4.11) we see that the string never supports 
a compressive force and that the z-component of tension is constant 
along the string.
For the cases when A = A = 0 a similar calculation using the 
planar solution (4.21) gives the tension as
T
r i  2 2,hf 2 2 D2,h(l-ia r ) (ca r -B )
2Tra' oar r + —  ecar ~
To 2Tra' (B-1)tt/4 < 0 < (1-B)tt/4 .
(4.25)
For the other half of the string segment, (B-1)3tt/4 < 0 < (B-1)tt/4
in fig. 6 the 0 and time components change sign.
From equations (4.24) and (4.25) we see that if a single string
emanates from a quark the string tension only acts in the required
direction when B = 0 , that is, when the string is radial. Suppose
then that this radial string bifurcates into strings with tensions 
(1) (2)T and T respectively. The k , 0 and time components of
and must be equal and opposite, which can only happen
if the two strings correspond to the same value of A but opposite 
values of A . Unless A is zero each of these strings will extend 
along the z-axis until another node is reached. But at any such node 
there will be at least one more string extending further along the 
z-axis to balance the k-component of tension. Thus the hadron will 
extend indefinitely along the z-axis, or possibly approach some
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limiting point after an infinite number of nodes. We reject this 
last possibility as a serious model of hadron structure, such a 
state being too massive to be easily observable, and too unaesthetic 
to be likely to occur in nature.
On the other hand, if A is zero the string can bifurcate into 
two strings of the type described by equation (4.22). Each of the 
two strings must have the same value for the parameter B .
Balancing the radial components of tension at the junction gives
where the string junction is at a radius given by oar = R .
Using junctions such as these one can construct exotic mesons 
of the type shown in fig. 7(a). If the meson is constructed from 
n quarks and n antiquarks, the angle between adjacent quarks is 
TT/n . This places a junction at 9 = (B-1)tt/4 + 7T/2n , so from 
(4.22) we have
2 2 4B = 3R (4.26)
(B-l) j ^  = h arcsin
2 2 2 (1+B )R -2B
2 2(1-B )R
* (4.27)
B+ —  arcsin
2 2 1+B - 2R
From (4.26) and (4.27) we have the position of the junction 
determined by the transcendental equation
5 5.
R _2_
/3
arcsin f 3R2-2 '
,4-3R2 .
f 2  \4-5Rarccos o
1 4-3RV. X
7T
n
. v (4.28)
This equation only has solutions in the range 0 < R < 1 for 
n = 4, 5, 6 or 7 . These solutions are listed in table 2. For 
n = 3 we have the solution R = 0  and the meson assumes a 
configuration in which six straight radial arms meet at a point.
It is easy to see that this should be the case: the infinitesimal
hexagon at the centre implicit in this solution will have three 
strings meeting at equal angles at each of its vertices. In 
practice however there seems to be nothing to prevent this 
configuration from becoming three single straight string mesons.
number of 
quarks n
position of 
junction R
Asymptotic sic 
Fig. 7(a) mesons
2 A>pes dJ/d(E )
Fig. 7(b) mesons
4 .727 .292 .285
5 .878 .279 .278
6 .949 .273 .273
7 .988 .269 .269
A. In units of a'
Table 2 . Asymptotic Chew-Frautschi slopes for exotic mesons of 
the types shown in Figs. 7(a) and 7(b).
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Fig. 7 Exotic mesons (a and b) and glueballs (c) constructed 
from rigidly rotating string segments, 
q = quark, q = antiquark.
The arrows indicate the direction of colour flux.
A further set of exotic mesons can be constructed if one allows 
two strings to emanate from a quark or antiquark, the simplest non­
trivial example of which is shown in fig. 7(b). In order that there 
be no net 0 or time component of string tension acting on each 
quark, each string shares the same value for the parameter B . The 
exact configuration is determined by balancing the centrifugal force 
of each quark with twice the radial component of tension in (4.25).
We also note the existence of glueball solutions such as that 
shown in fig. 7(c). The cusps move at the speed of light, and to 
balance tensions at the cusps we see from (4.25) that each curved 
segment of string must share the same value of the parameter B .
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There is a well known result arising from the string part of 
the action (3.1) that in a theory with no quarks, ends of the string 
must move at the velocity of light. It is worthwhile pointing out 
here that the converse is not true as we have just seen from our 
glueball solutions. There exist points in these strings which move 
at the speed of light but these are not free ends and furthermore 
they cannot be free ends because the string tension is non-zero at 
these points.
At large values of energy and angular momentum the contributions 
due to massive quarks in quark-string hadrons become negligible 
compared to the string contributions. For the string hadrons 
discussed in §4.2 we can determine the asymptotic slope of the Chew- 
Frautschi plots at large energies by taking the quark masses to be 
zero. In this limit the string ends which terminate at quarks move 
at the speed of light.
We first calculate the energy and angular momentum of a segment 
of planar string described by (4.22). The energy density is given 
by equation (3.12). For the present case we have
§4.3 ASYMPTOTIC SLOPES OF CHEW-FRAUTSCHI PLOTS
r 2 4,2 2 2, r. .2 2. ,3*[go r <j) + (l-oo r ) (l+({) r ) ]
► (4.29)
1 0)r (1-B2)
2Tra' (go r -B )'2(1- go r )2 2 n2,%„ , 2 2 %
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using equation (4.21). This integrates to give, for a segment of 
string r < r < r?
E(ri r2)
b2-i
47Ta'co arcsin
l+B2-2oj2r2
1-B2
(4.30)
The only non-zero component of angular momentum density is 
from (3.13)
Jz X X
)z
1
27ra'
tor
r 2 4,2 “  2 2, .2 2,[to r (j) + (1 —to r ) (l+cj) r ) ]
1
2Tra'
t 2 2r(to r -B ) 
(1 -to r )
(4.31)
For a segment of string r < r < r , (4.31) integrates to
47Ta'u/
r 2 2 2~~1
j -1) arcsin 1 + B -2to r
1-B2
{ 2 2 u2.hr, 2- (to r -B ) (l-to r )
(4.32)
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In (4.30) and (4.32) if r passes through its minimum value, 
rMIN = * t^ ie exPressi°ns roust be evaluated in two pieces,
viz. E(r1->r2) = + + E (rMIN^ r2) and similarly for
J .z
For the purposes of determining Chew-Frautschi plots, the 
mesons of the type shown in fig. 7(b) in their asymptotic limit 
and the glueballs of fig. 7(c) can be dealt with together.
Consider a string configuration with N cusps separated by equal 
angles of 2tt/N . For each string segment we have
B = 1 - 2/N . (4.33)
Using (4.30), (4.32) and (4.33) we obtain the total energy and 
angular momentum for the configuration as
E = 2(l-N"1)/a,u) (4.34a)
J = (1-N-1)/a'u)2 . (4.34b)
Eliminating co gives the straight Chew-Frautschi plot
J = [a,/4(l-N"1)]E2 . (4.35)
The energetically most favourable configuration is that with 
the greatest slope of the Chew-Frautschi plot. For the glueballs 
this will be the N = 2 case consisting of two straight strings 
lying along the same diameter. This configuration has been 
suggested previously (see e.g. Marinov 1977) and has Regge slope
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a'/2 . Since the directions of colour flux in the two strings are 
antiparallel it is possible that the two strings will annihilate 
each other making the glueball extremely unstable. A closer 
examination of this point using the interaction properties of 
parallel vortices discussed in Chapter 2 would be a worthwhile 
exercise. For the N=3 glueball shown in fig. 7(c) the interaction 
between the string segments should be minimal. For this glueball the 
Regge slope is 3a'/8 .
For the exotic mesons of the type in fig. 7(b) N must be even. 
For N = 2 the meson consists of a quark and an antiquark joined by 
two straight strings with parallel colour flux, and could be unstable 
against decay into the usual string meson in which the quarks are 
joined by a single string. The next least energetic meson of this 
type is the N = 4 configuration shown in fig. 7(b). For this meson 
the Chew-Frautschi plot has an asymptotic slope of a'/3 .
A second type of exotic meson, that shown in fig. 7(a) was 
considered in §4.2 and it was pointed out that the number of quarks 
and of antiquarks is restricted to be n = 4, 5, 6 or 7 . In 
table 2 we list the values of parameter R determining the position 
of the junction for each of these values. We also list the asymptotic 
slope of the Chew-Frautschi plot for each configuration calculated 
from (4.30) and (4.32), taking the quark masses to be zero. For the 
larger values of n the straight string segments are negligible and 
the asymptotic slopes approximate those for mesons of the type 
discussed in the previous paragraph. We note also that the asymptotic 
slopes are larger for the fig. 7(a) mesons indicating that their 
energy is lower for a given angular momentum.
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§ 4 . 4  SUMMARY AND REMARKS
We have studied some possible rigidly rotating hadrons arising 
from the action (3.1) separate from those considered previously by 
Kikkawa et al. (1979). For these hadrons we have determined class­
ical straight line Chew-Frautschi plots for the limit of high energy 
and angular momentum.
This is by no means an exhaustive list of hadrons which can be 
constructed from the planar solutions (4.22), though other configura­
tions are generally too complex to be likely candidates for genuine 
particles.
We have not addressed the question of classical stability for 
these hadrons, that is whether changes in the solutions remain small 
at all times given small changes in the initial conditions. Whether 
the exotics we have discussed above are observable or not will depend 
on their quantum mechanical stability and how they decay. One might 
try a quantum mechanical treatment of these exotics using WKB 
approximations to the Feynman path integral about the classical 
solutions (Kikkawa et al. 1977, 1978a). By investigating the 
classical stability of these hadrons we can determine whether such 
an attempt could be fruitful.
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CHAPTER 5
QUARKS AND DIQUARKS IN A BARYON STRING MODEL
We next turn our attention to the inclusion of diquarks within 
the quark-string model set out in Chapter 3.
A quark-diquark structure has been attributed to baryons by 
various authors for some time (Ida and Kobayashi 1966; Lichtenberg 
and Tassie 1967; Lichtenberg, Tassie and Keleman 1968; Lichtenberg 
1969; Ono 1974). The diquark is taken to be an s-wave bound state 
of two quarks and for our purposes we shall regard it as a point 
particle. Recent experimental results from p-p collisions (Hanna, 
DiBitonto et al. 1981; Beavis and Desai 1981) indicate that the 
diquark within a proton acts as a single entity.
We propose here a baryon model consisting of a single straight 
rotating string bounded at one end by a quark and at the other end 
by a diquark (Burden and Tassie 1982c). For the quark field we 
use a fermionic quark of the type described in §3.2.
Previous string baryon configurations examined by Kikkawa et al. 
(1979) are the Y-shaped baryon (three strings emanating from a point) 
and the linear baryon with a quark at each end of a single string 
and a third quark at the centre of mass (fig. lb). The Y-shaped 
baryon produces Chew-Frautschi plots with asymptotic slopes 2/3 
that of the single string meson trajectories. This cannot give the 
leading baryon trajectories which are known experimentally to have 
a slope close to that of the leading meson trajectories (Collins 
et al. 1975). Kanki (1976), however, has managed to fit some higher
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baryon resonances to trajectories with slope 2/3. Although the 
linear baryon yields Chew-Frautschi plots whose asymptotic slopes 
match those of single string mesons, it is questionable whether 
this solution is stable with respect to small disturbances of the 
central quark.
As previously noted by Eguchi (1975) the quark-diquark string 
baryon does have a Chew-Frautschi plot with a slope matching that 
of single string mesons. Furthermore, Lichtenberg et al. (1978) 
have shown for dibaryon resonances made of string that the leading 
trajectories arise from configurations with the highest moment of 
inertia. That is, quarks tend to cluster at the string ends.
One other baryon configuration, a closed loop with three 
quarks distributed around the loop has been studied by Bars (1976a,b). 
Our model, however, does not allow this configuration.
§ 5 . 1  THE QUARK-DIQUARK BARYON MODEL
If the central quark in the linear baryon of Kikkawa et al.
(1979) is unstable with respect to small disturbances one would expect 
the quark to slide along the string to joint up with one of the end 
quarks and the string to adjust its length so that the tension in the 
string balances the centrifugal force of the two quarks. We take this 
resultant configuration to be our quark-diquark baryon and assume that 
the energy, angular momentum and centrifugal force of the 'diquark’ to 
be the sum of those of the two constituent quarks.
Of course this naive additive model of the diquark does not take 
into account any interaction effects between the constituent quarks.
In Chapters 6 and 7 we develop models which allow for the quarks 
within the diquark to couple symmetrically and antisymmetrically 
in an attempt to produce spin 1 and spin 0 diquarks. It is 
interesting to note that if the spins of the two constituent 
quarks in our naive diquark model are anti-aligned one obtains 
the same results for the diquark as one would using the spin-zero 
diquark of Chapter 6. As we shall see later the field of this 
spin-zero diquark is equivalent to that obtained by restricting 
a single Klein-Gordon field to the string end using the algorithm 
(3.18).
We return to our quark-diquark baryon shown in fig. 8.
Recall from Chapter 4 that the world sheet traced out by a 
straight rigidly rotating string is given by
x^(g ,t) = (t , gcoslot , os in(jQT , 0) (5.1)
where the parameter o is the radial distance from the centre of 
rotation and U) is the angular velocity about the centre of mass. 
We introduce the parameter a defined by oca = sin a to 
accommodate strings which fold back on themselves, the fold being 
at a point moving at the speed of light. The ends of the string 
are labelled i = 1,2 as in fig. 8.
thThe tension acting on a quark or diquark at the i end is, 
from (3.8)
r = *-M
3x^
(-1)i-1
27ra' cosou (0,cosooT,sinü)T,0) . (5.2)
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Fig. 8 The quark-diquark string baryon.
For a single quark at the i end the rate of change of momentum 
is given by (Kikkawa et al. 1978a)
_d_
dt ^iy
m. sina.l l S.u) sin a.l l
I cos a. I1 l1
1 3 1 cos a.1 l1
x (0,coso)T ,sinaru,0)
(5.3)
where nr and (= ±h) are respectively the mass and spin of the 
quark. At the end i = 1 , matching the tension with the centripetal 
force according to eq. (3.6) gives the boundary condition
4
-1
2na'
cos a.
sin a, ^[m^cos + S^w] sign(cosa^) (5.4)
6 6 .
For th e  end i = 2 we equa te  t h e  t e n s i o n  in  th e  s t r i n g  w i th  the  
combined c e n t r i p e t a l  f o r c e  r e q u i r e d  to  keep two quarks  o f  masses 
m^  and m^  and s p in s  and r e s p e c t i v e l y  in  c i r c u l a r
o r b i t .  Th is  g ives
4cos a 2
2TTa'
s i n a  = u[ (m2+m pcos  a 2 + (S2+S ' ) u ] s i g n ( c o s a 2) (S.5)
The s o l u t i o n s  o f  e q u a t io n s  (5 .4 )  and (5.5)  when S2 = SI, can 
be found i n  te rms o f  th e  s o l u t i o n s  t o  t h e  eq u a t io n
[m cos2 a (m ,S ,w )+Soi]üJ = - ■ c.° .s s ign (cosa (m ,S ,w ))
TTa sina(m,S,a))
S = ±h
(5 .6)
which has been d e a l t  w i th  by Kikkawa e t  a l .  (1978a) .  R e s t r i c t i n g  
o u r s e l v e s  to  s o l u t i o n s  f o r  which - tt < 0^ < 0 < 0^ < tt we have
= -a(m,S,a)) (5 .7)
m2+m2
SI
Q + C  t 
b 2 b 2 , /2to S2 = S2
a 2
a r c s i n {  [ 1+ (m2+mp to tt a* ]^  - (n^+mptOTTa' } ,S 2 i
(5 .8 )
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In the notation of Kikkawa et al. (1978a) the solutions of (5.6) in 
the principle sector 0 < a  < tt are of the form
cx(m,+%,(jo) = a+ , 0 < a+ < tt/2 (5.9)
for S = h . If S = -h there are two possibilities. Either 
there exists only one solution
a(m,-^,oo) <  TT (5.10a)
or there are three solutions
a(m,-^,w)
a W
a (2)
a (3)
0 < a(2) < < tt/2 < a(1) <  TT (5.10b)
(2) (3)For the solutions a v and to occur it is necessary that
2 n )m a '  >  1 / tt . The solution J occurs when the string doubles 
back on itself. Kikkawa et al. (1979) have suggested that this 
case could be unstable against quantum corrections.
The energy and angular momentum of the baryon are found from 
the conserved Noether currents described in §3.1. The contributions 
to the total energy and angular momentum by constituent quarks and 
string segments in a hadron composed of rigid rotating straight 
string segments are summarised in section IV of the paper by Kikkawa 
et al. (1979). For the above model one obtains for the total energy 
and component of angular momentum parallel to w
68.
where
and
E = E + E + Estring quark diquark (5.11a)
^ ^string + ^quark + ^diquark (5.11b)
^string 2Tra'o3 a^ 2 aP (5.12a)
'quark
1 2 s ----  (m^+S^ootan a^)
cosa.
(5.12b)
'diquark —---  [(m2+m^) + (S2+S2 ')wtan2a2] (5.12c)cosa.
string
47ra'(jü
— 2 (a2~%sin2a2~a1+%sin2a1)
* i . \
(5.13a)
quark
diquark
cosa.
cosa.
1 2 2 — sin a^ + (1+tan a^) (5.13b)
m2+m2 2 2 -----  sin a + (S0+S*)(1+tan a0)GO Z Z Z Z
(5.13c)
§5.2 RESULTS
Following Kikkawa et al. (1979) we take the total mass and spin 
of the baryon to be the total energy and angular momentum of the 
quark-string system in the centre of mass frame.
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Using equations (5.11) to (5.13) the Chew-Frautschi plots for a
quark-diquark baryon are shown in fig. 9. We take the quark mass to
be m^ = .34 GeV, the diquark mass to be rr)z+ry£ = .68 GeV , and the
_2asymptotic slope a' = 1.0 (GeV) . These values are chosen to fit 
the higher spin states of the leading trajectory of the A resonances 
(Particle Data Group, 1980), since the above semi-classical treatment 
of the string model should be more reliable for large spin. As pointed 
out by Kikkawa et al. (1978a) the model produces only a spin-orbit 
coupling and no spin-spin interaction between quarks at opposite ends 
of the string, which might come into effect in the lower spin states.
In addition, if the string is regarded as an approximation to a 
centrifugally elongated bag (Johnson and Thorn 1976) this model should 
be more reliable for states of high spin.
(2) (3)For the masses we have chosen the solutions a and a 
in eq. (5.10b) do not apply for either end of the string. We also 
show in fig. 9 for comparison the Chew-Frautschi plots for the 
linear (q-q-q) baryon (Kikkawa et al. 1979) using the same quark 
masses and asymptotic slope as for the quark-diquark baryon.
In table 3 we list the string length for states on the leading 
trajectory in fig. 9. If one considers the string to be an orbitally 
excited bag (Johnson and Thorn 1976), then the values in table 3 
indicate that the ground state (it = 0) spherical bag must be small 
compared with most nucleon bag models. For instance the cloudy bag 
model (Theberge et al. 1980) gives a bag radius of .72 fm and a 
model of De Tar (1981) gives a radius of .89 fm. One exception to 
these models is the "little bag" proposed by Brown and Rho (1979) in 
which chiral symmetry is preserved at the bag surface by introducing an 
external pion field. This model gives the nucleon bag radius as 
~ .3 fm, consistent with our string model.
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A (2 8 5 0 ) j
_ A (1232)
-2 L
Fig. 9 Chew-Frautschi plots for quark-diquark baryons (solid line) 
and linear (q-q-q) baryons (dashed line). The quark spins 
for each trajectory are indicated on the right.
(t = spin parallel to oj , T = spin anti-parallel to w). 
Strings which double back on themselves before terminating 
in a quark or diquark are shown with a loop at the end.
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Returning to the Chew-Frautschi plots in fig. 9 we note that, 
in general, each of the linear q-q-q baryons (g) to (£), with 
the exception of baryon (k), can lower its energy for a given 
angular momentum by making transition to one of the quark-diquark 
configurations (a) to (f). For instance if the central quark in 
the baryon (g) is displaced to one end a baryon of type (a) results. 
The baryon (j) can make the transition to the baryon (e) or possibly
(d).
The baryon (k) in which the string has two folds seems to be an 
exceptional case. Neither of the quark-diquark baryons with the same 
total spin in the £ = 0 limit, viz. (d) and (e), is directly 
attainable by displacing the central quark to one end of the string.
We conclude therefore that the linear q-q-q baryon configura­
tion is unstable with respect to transition to a quark-diquark 
configuration with the exception of the baryon (k) in fig. 9, and so 
in general we expect the physical baryons to be described by the 
quark-diquark configuration.
Mass Squared Total J String length (fm)
1.04 1.50 0
3.74 3.50 0.68
5.96 5.50 1.06
8.11 7.50 1.40
10.22 9.50 1.67
Table 3. Mass squared, total angular momentum and string length for 
quark-diquark baryons on the leading trajectory in fig. 9.
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CHAPTER 6
THE DE BROGLIE FUSION METHOD APPLIED 
TO QUARKS AT THE ENDS OF STRINGS
In 1943 a method was devised by de Broglie (1943) to couple 
two or more free Dirac fields to produce higher spin fields. By 
coupling two free Dirac fields de Broglie’s ’fusion method' produces 
scalar Klein-Gordon and vector Proca-de Broglie equations (Visconti 
1969). We shall borrow this technique to find equations describing 
two coupled Dirac fields restricted to an arbitrary world line. We 
propose the resulting formalism as a description of diquarks at the 
end of a relativistic string (Burden and Tassie 1982d) . For the 
particular case where the world line is that of a particle executing 
uniform circular motion the resulting equations are interpreted as 
those of spin 0 and spin 1 diquarks.
Eventually, this should pave the way for a more rigorous 
treatment of the quark-diquark baryon considered in the last chapter
§6.1 THE FUSION METHOD ON AN ARBITRARY WORLD LINE
We return to the restricted Dirac equation (3.21) where x^(s) 
is any arbitrarily specified world line. In practice, if we are 
dealing with a string hadron with quarks or antiquarks at the free 
ends of the string segments, the world line traced out by each quark
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will be determined by the condition that the rate of change of 
momentum of that quark is equal to the string tension at the end 
of the string. In general, then we can think of x^(s) as being 
arbitrarily specified, keeping in mind that energy and momentum 
are not conserved for the individual quark field.
Consider the tensor product of the space of solutions to the 
restricted Dirac equation with itself. Any element of this tensor 
product space can be realised as a 4 x 4 matrix of the form
ns) = I a if/l}(s) if/j)(s)T (6.1)
i j  J
where the if/1) form a complete linearly independent set of 
solutions to the linear equation (3.21). We split T into symmetric 
and antisymmetric parts T<-, and respectively and expand in
terms of the 16 independent products of Dirac matrices I, y , a , 
y Y5 and y^_ > and the charge conjugate matrix C as follows:
= <f>(s)C + xy (s)Y]iY5 C + x (s)Y5 C (6.2a)
ys(s) = ^y (s)YyC + (^f)yV(s)a^C . (6.2b)
The quantities <J)(s), xy (s) etc. are to be thought of as the
state vectors of the two coupled Dirac particles.
If if/1) (2)and i f a r e  any two solutions of (3.21) then we
have
A  (if/^ if/2)1) + (hki + i m ^ i l A V 2)1 
+ if/1) 1f/2)T (i/Ü + im£)T = 0 .
(6.3)
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m  r 2 4 TSince  (6 .3 )  i s  l i n e a r  we can r e p l a c e  J by ¥ from ( 6 . 1 ) .
W r i t ing  th e  expans ions  (6 .2 )  more compactly as T = $ y C where a
cl
i s  a g e n e r i c  l a b e l  f o r  t h e  i n d i c e s  y ,  yv e t c . , we have
<j>ay C + ihi i + im i) (f>ay C + $ay C(hk £ + im i ) T = 0 . (6 .4)
d  a. ci
Using th e  p r o p e r t i e s  o f  t h e  charge  co n ju g a te  m a t r ix  and 
m u l t i p l y i n g  on th e  r i g h t  by C  ^ g ives
4>ay - 4  x^xV(})a [G ,y ] + imx^(j)a [y ,y ] = 0 Y a 2 Y y v ’ ' a  Y ' y *' a (6 .5 )
With t h e  he lp  o f  th e  commutation r e l a t i o n s  s e t  ou t  i n  th e  appendix  
we s e t  th e  c o e f f i c i e n t  o f  each y^ equal  to  ze ro .  This  g ives  a 
s e t  o f  f i r s t  o rd e r  coupled  d i f f e r e n t i a l  e q u a t io n s .  From t h e  a n t i ­
symmetric p a r t  o f  T we have
(J) = 0 (6 .6a)
xu ( f f - i V ) v 2im x^x (6.6b)
X + 2im y (6 .6c)
and from th e  symmetric p a r t
( ? x V - x V? ) * 2m (j)yv v (6 .7a)
)yV + (f>y P (XpXV -  XVXp) ( *y............. y^  , pv(x X -  X X ) ©
p p
2m(xy(j)V - x V ) (6.7b)
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We s h a l l  dea l  f i r s t  w i th  th e  a n t i s y m m e tr ic  p a r t .  In g e n e ra l  
t h e r e  w i l l  be fou r  l i n e a r l y  independen t  s o l u t i o n s  t o  ( 3 .2 1 ) .  
Concealed w i th i n  (6 .6)  i s  t h e  i n fo rm a t io n  p e r t a i n i n g  to  th e  s i x  
p o s s i b l e  l i n e a r l y  independent  an t i sy m m e tr ic  t e n s o r  p ro d u c t s  o f  
th e s e  s o l u t i o n s .  To e x t r a c t  t h i s  in f o r m a t io n  i t  i s  u s e f u l  t o  
d iv i d e  i n t o  i t s  p a r t s  p a r a l l e l  to  and normal to  t h e  wor ld
l i n e .  We d e f i n e
* n (6 .8a)
y ,jpii ‘y* . v  ny
Xl = ( V x v x  = Plv x (6 .8b)
where Py and a r e  o p e r a t o r s  p r o j e c t i n g  onto  th e  p a r a l l e l
and normal subspaces  t o  th e  world  l i n e  a t  each p o i n t .
W r i t ing  the  f i e l d  e q u a t io n s  (6 .6 )  in  te rms o f  <j> Xjj > Xp and X 
we can e l i m i n a t e  Xii e n t i r e l y  l e a v in g  th e  t h r e e  uncoupled e q u a t io n s
<j) =  0 (6 .9a)
(6 .9b)
, 2 4m x (6 .9c)
Equat ion  (6 .9c)  can be r e c o g n i s e d  as t h e  Klein-Gordon e q u a t io n ,  
r e s t r i c t e d  by th e  r e c i p e  ( 3 .1 8 ) ,  to  an a r b i t r a r y  wor ld l i n e .  We 
t h e r e f o r e  assume t h a t  the  f i e l d  x i s t °  t>e a s s o c i a t e d  wi th  a n t i ­
symmetric s p in  zero  s t a t e s .  In th e  n e x t  s e c t i o n  we c o n s i d e r  the  
p a r t i c u l a r  world l i n e  d e s c r ib e d  by (3 .22)  and show t h a t ,  f o r  t h i s  
world l i n e ,  x i s  i-n f a c t  t h e  s p in  zero  d iqua rk  and a n t i d i q u a r k  f i e l d .
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We shall also interpret the remaining field equations (6.9a) and 
(6.9b) as descriptions of bound quark-antiquark states.
Consider next the symmetric states, which are described by 
the field equations (6.7). These equations contain information 
pertaining to the ten linearly independent symmetric bound states. 
As for the antisymmetric case it is useful to define an alternate 
set of fields parallel to and normal to the world line. We set
x / = P | | / (6.10a)
*1
-y . ,v (o - x x ) <b  ^V \r Y piVv (6.10b)
*y . ,pörxv ' ’Vs ny ,panv(öp-x^Xp)^ (6a - xax ) = Pfp^ Pia (6.10c)
, yv * ,yvD
* xv = ♦ p||v (6.lOd)
Because (f)^V is antisymmetric in its indices y and v it is 
easy to see that oj^  is in fact normal to the world line.
Equations (6.7) can now be
10) to give
* i i  = 0
i y
• yXXV ■ V + 2m0^ ) =
ey * y  x xv ey 2mcf)j^ =
CD
 • + x^x 0pv + 0W x
(6.11a)
(6.11b)
(6.11c)
0 (6.lid)
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Equations (6.11a) and (6.11b) are obtained by contracting (6.7a) on 
the left by the operators Py and respectively. Equation
(6.11c) is obtained by applying Py to (6.7b) on the right, and 
(6.lid) by applying P^ to (6.7b) on both the left and right hand 
sides.
We can eliminate 0y from (6.11b) and (6.11c) and multiply on 
the left by the normal projection operator P^ to give a single 
second order equation in (j)y only:
(ö^ J - xyxv)(^ - xyxv(j)^ + 4m2 (j>y = 0 (6.12)
The symmetric coupled states are now fully described by the 
uncoupled equations (6.11a), (6.lid) and (6.12). In the next 
section we shall interpret these equations for the world line 
described by (3.22). For this particular world line the field 
cj)y will be seen to represent the symmetric spin 1 diquark and 
antidiquark states, while (6.11a) and (6.lid) will be interpreted 
as descriptions of symmetric qq states.
§6.2 SPECIFIC SOLUTIONS TO THE FIELD EQUATIONS
We return to the case where the world line is that of a point 
executing uniform circular motion, given by (3.22). Combining the 
four independent states (3.23) two at a time one forms 10 symmetric 
and 6 antisymmetric bound states. In this section we associate 
these bound states with the solutions to the field equations found
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in §6.1. In particular we show that the field equations (6.9c) and 
(6.12) describe fully the spin 0 and spin 1 diquark and antidiquark 
states.
£
For any particular state, the functions (j) can be found by 
inverting the expansion (6.2) to give
(j)a(s) = h I * , / » * ( . )  C 1
i J J
(6.13)
o _ 1
where y = (y ) . Substituting the solutions (3.23), (3.24) and3
(3.25) into (6.13) gives
<f>a(s) *1. hi
1,1
(j)T
iWT
2 aY e
iüJt
2 12 (i)u v
-i(k.+k.)s 
e J
<(s) i J
, (j)T ^-1 b (i)X..u C y u^' ij
-i(k.+k.)s
e 1 3
(6.14)
where Aa^(s) is a rotation of wt about the z-axis in the 
representation of the Lorentz group appropriate to the indices 
a and b .
3- 3Because of the presence of the factor A^C5) > anY solution (}) 
with a certain orientation to the world line at s = 0 will maintain 
that orientation to the world line for all s . Therefore, to 
determine which states correspond to which of the equations found 
in §6.1 it is sufficient to consider the functions given by (6.14) 
at s = 0 , i. e.
4>a(0) = h i  Ar  u ^ T C~1yau^1-) (6.15)
i J 13
and examine their orientation to the world line.
79.
In order to evaluate the expression (6.15) for all cases of 
interest more easily we transform to the rest frame at s = 0 . The 
spinors in this frame were calculated in §3.2 and are given
by (3.31). In tables 4 and 5 we list the results of substituting 
these spinors into (6.15) for all possible antisymmetric and 
symmetric combinations of solutions to the restricted Dirac 
equation. Since we are working in the rest frame, for which 
x^ = (1,0,0,0) , it is easy to recognise alignment of states 
parallel to or normal to the world line.
Consider first the antisymmetric states in table 4, which we 
compare with the solutions of the field equations (6.9a), (6.9b) 
and (6.9c) from §6.1. For the diquark and antidiquark spin zero 
singlets only the fields x and Xy are non-zero. We can 
therefore associate these states with the two independent solutions 
of (6.9c), which involves only x • It follows from (6.6) and (6.8) 
that X|| satisfies an identical equation.
The remaining antisymmetric states, namely qq states, are
described fully by the projection Xp of X^ normal to the world
line. We therefore see that these states are described by equation
(6.9b) together with a condition that the solutions be normal to
the world line. This extra condition is necessary because (6.9b)
u Tadmits the solution Xp = const.(1,0,0,0) in the 'laboratory'
frame, which we don't want.
Next we consider the symmetric states, which are listed in table 
5. These states are to be associated with solutions to the field 
equations (6.11a), (6.lid) and (6.12). Examining table 5, we see 
that the spin 1 diquark and antidiquark triplets are equally well
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State^ (f)(0) x(0) >—\ o
p-X
Diquark states, qc[ and qq:
jz (+♦+♦ - +♦+♦> 1Jl
- ( U  - H  )
Jl ~ ' - -
■ 0 1 (1,0,0,0)
qq states:
- ( H  - f t )  
/2 + ' ‘ +
0 0 (0,1,i,0)
- ( + + - +  + )
/2 + - ' +
—  r+ + - + t )
- + + - '
> 1 0 (0,0,0,1)
1 (4- 4- - T 4- )
/2
0 0 (0,1,-i,0)
A. Up to phase factors and not normalised.
B. i = spin up, 4- = spin down; subscripts indicate the sign of the 
energy.
Table 4 . The quantities (f)(0) , x(°) and x^(0) calculated from
the formula (6.15) in the rest frame for antisymmetric com-
Abinations of solutions to the restricted Dirac equation .
8 1 .
S t a t e
Diquark s t a t e s ,  qq and qq:
Table  5 . The q u a n t i t i e s  <j)^(0) and 4)^V(0) c a l c u l a t e d  from t h e
formula  (6 .15)  i n  t h e  r e s t  frame f o r  symmetric com bina t ions  o f  
s o l u t i o n s  t o  t h e  r e s t r i c t e d  D irac  e q u a t io n .  A n o r m a l i z a t i o n  
f a c t o r  o f  (2M) 2 , where M i s  t h e  t o t a l  d iqua rk  mass,  
g ive s  th e  c o r r e c t  s p i n s  f o r  t h e  f i e l d s  <J>^ .
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described by the projection of <J)^ normal to the world line or
the field 0^ , defined by (6.10d) from <j)^V . We therefore 
associate these states with solutions of the field equation (6.12).
If one chooses to eliminate the field (J)^ from (6.11b) and (6.11c) 
instead of 0^ , an equation identical to (6.12) results with (j^  
replaced by 0^ .
Finally we note that the symmetric q-q states in table 5 are 
fully described by the fields <j)^  (i,j = 1,2,3) . Because we are 
working in the instantaneous rest frame, these are just the fields 
0^V defined by (6.10c). We therefore associate these states with 
the field equation (6.lid), together with the condition x 0^V = 0 ,
r
and note that the remaining equation, (6.11a) is redundant.
So far we have determined that the bound q-q states are 
solutions to particular field equations found in §6.1 when the world 
line is that given by (3.22). Conversely, we can find a complete set 
of solutions for the equations found in §6.1 for this particular 
world line in the following manner: guided by the formula (6.14) we
seek solutions of the form
<t>a (s) = Aab(s) e'lKs <J>b (0) . (6.16)
Substitution of this function into the differential equation will
£
give a matrix equation in which (f> (0) and K are unknown but can 
be solved for, We apply this technique to the spin 1 diquark equation 
(6.12) to show that there are no solutions other than the three 
positive energy and three negative energy solutions which have been 
attributed to this equation.
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Substituting the appropriate version of (6.16) into (6.12) and 
multiplying through on the left by A ^(s) gives the matrix equation
{(I-x(O)x(O)) [ (A-1 (0)A (0)) 2 - 2ÜCA"1 (0)A(0) - K2]
-x(0)x(0)(A 1 (0)A(0) -iK) + 4m2}y ^  (0) = 0
(6.17)
In the rest frame at s
(A ^A)^= ooseca
0 we have
0 -tana 0 0
-tana 0 -seca 0
0 seca 0 0
0 0 0 0 (6.18)
x^(0) = (1,0,0,0) ; x^(0) = (0,-l,0,0)a)sina sec2a
giving the matrix equation (6.17) as
, 2 4m 0 0 0
l
r—
\
ov __
/
0 _|
1 
__
iKsina
2
,2 go2 v 24m - --- ----K4
2iKu)
2 0 *1(0)cos a cos a cos a
2 .to sma 2iK go 4 2 cd2 2 ?
4 2 4m - ---—4 - K 0 *[(0)cos a cos a cos a
0 0 0 2 2 4m - K *l(0)
_ —.
(6.19)
= 0
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The only solutions to this matrix equation are given by the vectors 
4>y (0) in table 5 corresponding to diquark states. The corresponding 
values for the frequencies K agree with those found by adding the 
frequencies of the constituent quarks.
We note in passing that the spin 1 diquark equation (6.12) 
obtained from the fusion method differs from the equation obtained 
by restricting the free field Proca-de Broglie field to the world 
line. The free field Lagrangian density for the vector field $y 
of mass 2m is
£n , d (4>,3 $) = -3*(3 $ * - 3 4> * ) (3y4>V - 3V$y) ^P-deB^ \i V y v  J
+ M 2 m ) 2 $ * $y
(6 . 20)
Restricting to the world line xy (s) according to the formula (3.18) 
gives the Lagrangian
L = -%(x2) 3/2 (x $ * - x $ * ) xP-deB v t  ^yi vt vt ]itj
(xy$V - xV$y) + ^(2m)2 (x2) ^  $ % y .T T T TJ v T U '
(6 . 21)
Taking a functional derivative of the action with respect to the 
*
field 4>U
equation
and returning to the parameter s gives the wave
(5y - xyxv)$V - (xyxv + xyxv)iV + 4m2 $y = 0 , (6.22)
which we compare with (6.12).
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§6.3 THE DIQUARK LAGRANGIAN
Before the diquark fields derived above can be of use for 
inclusion within string hadrons they must be set within the 
framework of an action principle. For the scalar field described 
by equation (6.9c) this is easy. The equation for a spin zero 
diquark of mass M follows from the restricted Klein-Gordon 
action (Bars and Hanson 1976)
L0 = (x^r*5 X*xx - X*X • (6-23)
As mentioned previously, calculations following from this action 
reproduce the results for the naive diquark model in Chapter 5 
for the case when the quark spins are anti-aligned.
Consider next the spin 1 diquark of mass M . We take for 
the Lagrangian:
L1 = -«#"3/2(VrC ' XvtV H xt*t -
i f 2 \ “1 r , * y d r f 2. -% -» I v+ h( x ) {d> x -j—[ (x ) x ]<bA T dx V TJ VTJyT
* d r f 2. y , , v+ cb -3—  [ (x ) xK x <b } Yyx dx T x vxY
(6.24)
Note that this differs from the restricted Proca-de Broglie
*
Lagrangian (6.21). Varying with respect to the field <|> and 
returning to the parameter s (= proper time) gives
8 6 .
d r rx y -y* ,v , d ,**y .v*-5— [ (0 - x x )d) ] - -j— (x x <b ) ds v V y Y ds v VY *
• y  ,v , .2 .y  + x x d) + M d) = 0 vY Y
(6.25)
or
(6y - x \ ) < f > V - xyxv i V - - j j  (xyxv4>V) + M2(J>y = 0 (6 .26)
C o n tr a c t in g  on th e  l e f t  by x^ g iv e s
[ ( x ) 2+M2 ]xv (j)V = 0 . (6.27)
Assuming (x) 2 + M2 /  0 , t h i s  g iv e s  x (f>y = 0 which reduces
y
e q u a t io n  (6 .26) to  th e  s p in  1 d iq u a rk  e q u a t io n  (6 .1 2 ) .  (The
s u f f i x  1 has  been s u p p re s s e d .)  C o n v erse ly ,  c o n t r a c t i n g  (6 .12)
on th e  l e f t  by x g iv e s  once a g a in  x /  = 0 , so eq u a t io n  
f l  V*
(6 .25) can be r e c o n s t r u c te d .
As a check on th e  Lagrang ian  (6 .24) we c a l c u l a t e  th e  sp in  
m a tr ix  S . From th e  d e f i n i t i o n  (3 .17) and t a b l e  1 we have, 
r e v e r t i n g  once ag a in  to  th e  p a ra m e te r  s ,
s ... -  4  ( i l y  ♦ '  ♦uv 3 -p w  a uv' o 3- p
- h { $  (6y - x^x )(f> -(f) (6y - x^x )(})Yp v y y ' Yv Yp v v v ' Yy
+ (j) (ö f  - xyx )<f> -(f) (6y - xyx J  (f> }Yv y y p y v \ r Yp
+ %{<f> Xy (x (f) - X (j) ) + ((J) X - <f>..X )X (f)^ }Yp v yYv v Yy '  ^Yv y Yy \>J pY
“ (6 .28)
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The terms in the second set of chain brackets are zero because the 
field cj)^1 is normal to the world line.
Returning to the world line (3.22) describing uniform circular 
motion we evaluate (6.28) for the solutions found in §6.2. Because 
of Lorentz invariance it is sufficient to consider only the rest 
frame at s = 0 . In general, S (s) can then be evaluated at any 
s and in any frame using the appropriate Lorentz transformation. 
Recall from (6.16) that
As) = (s) A0)e"lKs (6.29)
where K is determined by adding the frequencies of the constituent 
quarks given in the solutions (3.24) and (3.25). From (6.29) we 
have
Ao) = A ' V ^ A o) = (AA-iK)1^ Ao) , (6.30)
and hence, in the rest frame (using (6.18),
(sP-iu(o)xp(o))yo)
0 0 0 0
1
-©- o t—\ o v—j
__
__
__
__
__
1
2coseca tana iK wsec a 0 Ao)
20 -a3sec a iK 0 Ao)
0 0 0 iK Ao)
(6.31)
It is then a straightforward procedure to calculate S for
r1 v
the diquark states in table 5 using (6.28) and (6.31). We use a
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ynormalization factor (2M) in front of the vectors (j) (0) in 
table 5. One finds that the only non-zero component of S is
• F°r the positive energy states t+t+ » (t+4+ + T+t+)/^2
and T+4-+ the third component of spin is 1,0 and -1 respectively. 
As expected, the spins are the sum of the spins of the individual 
constituent quarks.
For the negative energy states f t  , (i 1 + H  )//2 and
3T 4 one obtains S = -1, 0 and 1 respectively. We suspect 
that the change in sign is a result of failing to use a second 
quantization procedure or Grassmann algebra formalism to deal 
with the negative energy solutions of the restricted Dirac equation.
In the remaining section we discuss briefly the use of Grassmann 
algebra valued spinors in the fusion method.
§6.4 GRASSMANN ALGEBRA FORMALISM
In their treatment of string hadrons, Kikkawa et al. (1978a) 
take the fermionic quark field ip to be a Grassmann algebra valued 
quantity (Berezin 1966). This allows them to find ’daughter 
trajectories' by calculating WKB approximations to the Feynman path 
integral (Feynman and Hibbs 1965, Dashen et al. 1974, 1975) about 
the classical solutions. We shall examine here briefly the effect 
of introducing the Grassmann algebra formalism into the de Broglie 
fusion method.
Suppose we take the quark field in the fusion method to be the 
Grassmann algebra valued quantity
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A, i
A .Aai h (6.32)
The index A = l,...,nQ labels the quark internal quantum numbers 
other than spin (e.g. colour and flavour). The index i = 1,...,4
corresponds to the four solutions (3.23) of the restricted Dirac
A thequation. By \p^ we mean an n^-component object whose A
component is the four-spinor ifm and whose other components are
the spinors (0,0,0,0)T .
AThe a^ form the anticommuting basis of a Grassmann algebra: 
{a^,a^} = 0 . Odd products of the a^ anticommute with each other 
and are termed a-numbers, even products commute with everything in 
the algebra and are termed c-numbers.
Following the fusion method we take for the field describing 
the quark-quark states the product
, , T r A B . A . BT#  = 1 a a mm
3 3
(6.33)
where the T (transpose) applies to the four-spinors ijn . This
quantity can be thought of as belonging to a complex vector space
A Bwhose vectors are the non-zero c-number quantities a_^ a^  . We
A BTinterpret the complex matrices ip^ ipj as wave functions of the 
quark-quark states.
For illustrative purposes, consider a simple case in which 
there are two spins (i = l,2) and two colours (A = R for red,
B for blue):
, ,R ,R , ,B , , B
ip = a1t1 + a 2^*  bl^ l + b2^ 2 (6.34)
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Analogous to (6.33) we have
, ,T , .R .RT .R.RT,#  = a1a2 -^2^1 ^
+ (a1b2 -a2b1) [ ( ^ T - ^ f )  + ( ^ 2T - ^ f ) ]
i i ( ,B ,BT . B .BT.
+ blb2(V 2  )
, ,,R,bt ,b .rt.+ a1b1( ^ 1 )
+ (alb2 + a2bl} [ + ^ 1 T) ‘ + ^ 2^1T) ]
- (6.35)
, ,,R,BT ,B,RT. 
+ a2b2 ^ 2^2 5
We see that the spinors ijn occur in the same symmetric and anti­
symmetric combinations as they do for the simpler version of the 
method (§6.1) in which no quantum numbers other than spin are taken 
into account. That is to say, as far as the dynamics is concerned, 
the diquark wave equations (6.9c) and (6.12) will still be appropriate 
when dealing with the full Dirac four-spinor case.
Picking out the wave functions from (6.35) and writing them in 
a more suggestive notation, we have the following states:
1) a symmetric colour triplet coupled with an antisymmetric 
spin singlet:
(H - H)RR
(H - W)RB+BR
(H - Tt)BB
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2) an antisymmetric colour singlet coupled with a symmetric 
spin triplet:
.ARB-BR ft
(T4-+ it)
..RB-BR T T
RB-BR
The effect of the Grassmann algebra formalism then is just to pick 
out totally antisymmetric states.
Returning to the diquark case, the analogous result is that 
symmetric colour multiplets will couple with antisymmetric spin 
flavour multiplets and vice versa. In the quark-diquark baryon 
of Chapter 5 we can restrict ourselves to diquarks composed of 
two positive energy Dirac fields. If there are three flavours, 
the possible diquark states belong to the SU(6) flavour x spin 
multiplets
6 ®  6 = 15a ©  21s (6.36)
where A and S signify antisymmetric and symmetric multiplets 
respectively. The colours mix according to the SU(3)  ^ multiplets
3 ®  3 = 3a 8  6S . (6.37)
For a baryon to be a colour singlet, its diquark must belong to 
the SU(3)coi multiplet 3^ . The Grassmann algebra formalism 
then ensures that the total state will be antisymmetric and so
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must belong to the SU(6) multiplet 21 . This is in agreement
O
with the findings of Lichtenberg et al. (1968) that the 15^ 
multiplet does not contribute to the baryon spectrum.
The absence of 15^ multiplet diquarks in baryons has been 
explained previously by taking into account colour symmetry 
(Dziembowski et al. 1981), though not from the point of view of 
the string model.
§ 6 . 5  SUMMARY AND REMARKS
We have found field equations governing the evolution of bound 
states of two Dirac fields restricted to a world line. As a 
particular application, we are interested in describing bound states 
of two quarks at the extremities of a relativistic string.
When the world line is that of a point executing uniform 
circular motion, the spin 0 diquark at the end of a string is 
described by (6.9c), the Klein-Gordon equation restricted to a 
world line. The spin 1 diquark for this world line is described 
by the field equation (6.12). With the Lagrangians (6.23) and 
(6.24) established for the diquark fields a more rigorous treatment 
of the quark-diquark baryon should be possible.
Bound states of a quark and an antiquark are described by 
equations (6.lid) for spin-symmetric states and (6.9b) for spin- 
antisymmetric states. From the point of view of the string model 
there is nothing to preclude the possibility of a string terminating 
in a qq state, provided the state belongs to a colour octet. If,
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for instance, the other end of the string terminates in the 
conjugate state, we have an exotic meson.
Although we have interpreted the field equations in terms 
of qq, qq and qq states for a particular world line, the 
field equations apply for arbitrary world lines as descriptions 
of bound states of solutions to the restricted Dirac equation.
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CHAPTER 7
A DUFF IN-KEMMER-PETI All FORMALISM 
FOR QUARKS AT THE ENDS OF STRINGS
In this chapter we attempt an alternative description of a bound 
state of two Dirac particles restricted to a given world line. The 
method is based on the higher spin first order wave equation developed 
by Duffin (1938), Kemmer (1939) and Petiau (1936).
In its free field form, the Duffin-Kemmer-Petiau (DKP) formalism 
has been used previously to describe hadrons composed of quarks in 
the old SU(6) flavour x spin model (Sakita and Wali 1965, Salam, 
Delbourgo and Strathdee 1965, Gupta 1969).
Since the free field DKP equation is derivable from an action 
principle we are able to apply the algorithm (3.18) to obtain, 
ab initio, a Lagrangian for the diquark at the end of a string.
The wave equations produced differ from those of the previous chapter 
and in some sense lack the simplicity of interpretation and appeal of 
the previous equations.
We summarize first the free field DKP equations in order to
establish the notation.
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§7.1 FREE FIELD PUFFIN-K EMMER-PETIAU EQUATION
The DKP equation describing a massive relativistic higher spin 
free particle is
(ß^3 + im)T = 0 (7.1)
where T is a multicomponent wave function and the ß^ are matrices 
satisfying the relation
e W  ♦ ß W  = ßygvp ♦ ßpgvp . (7.2)
Defining T by
T = T+ (2(ß°)2-l) , (7.3)
the wave equation (7.1) is derivable from the Lagrangian density
V p ■ - &  + x ”  • (7.4)
The only inequivalent irreducible representations of the DKP 
algebra are the trivial 1-dimensional representation (ß^ = 0) and 
the 5 and 10 dimensional representations set out below. In the 
5 dimensional representation,
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1 0  0 0 0 1 0  0
0 0 1 0
0
0
-1
0
0 0 0 1 (7.5)
and in the 10-dimensional representation
- 1 0  0 
0 - 1 0  
0 0-1
1 0 0 
0 1 0  
0 0 1
0
0
0
-1
0 0
0 -1
1 0
1
1
-1
0
0
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32 = i
0 0-1
0 0 0
1 0 0
0 - 1 0
0 0 1
0 0 0
• 1 0  0
3s = i
0 1 0
• 1 0  0 
0 0 0
0 0-1
0 - 1 0  
1 0  0 
0 0 0
(7.6)
We are particularly interested in the 16-dimensional 
representation of the algebra given by
3y = %(yy <8)1 + I <S)yy ) (7.7)
which decomposes into the direct sum of a 1-, a 5- and a 10-dimensional 
representation. Writing the 16 components of the wave function ¥ as 
(i,j = 1,2,3,4) with the indices ordered lexicographically, the 
reduction into irreducible representations is effected by the expansion
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T .  .ij * cij + x (V s c)ij + X(YSC)ij
+ * ^ V3ij M>yv(a C). y v uv Jij
(7.8)
The trivial 1-dimensional representation acts on the function (J) , 
the 5-dimensional representation on and X and the 10-dimensional
representation on cj)^1 and .
The procedure of rewriting the wave equation (7.1) in terms of 
the new fields coincides precisely with the de Broglie fusion method
(de Broglie 1943) in the free field case. At the level of the 
Lagrangian density one obtains from (7.4)
^DKP ~ ^s + ^v + ^  $ $
where
•o . <*■
(7.9)
r im . y* * . y . 1 2r *y * .
= X  (x 9y x + x 9yx  ^ ^  Cx Xu + X X )
<£ = in (<j>^ 9V(j> + (}iV 9 (j) )v 4 Yvy Y vTy'
(7.10a)
+ %m2(4)y + %cJ)yV <j>^ ) . (7.10b)
Equations (7.10) are the usual free scalar and vector 
Lagrangian densities provided we take
field
9yx + imxy = 0 (7.11a)
3 4> - 9 (b - md) = 0 .yYv vYy yyv (7.11b)
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These last two equations belong to the set of equations obtained by 
writing (7.1) in terms of the functions (f>, x> <f>y and , or
can be obtained directly by varying (7.10a) and (7.10b).
§7.2 THE DUFFIN-KEMMER-PETIAU EQUATION ON A WORLD LINE
We return now to the problem of describing a diquark restricted 
to the world line traced out by the end of a relativistic string.
As was pointed out in the previous section, the 16-component version 
of the DKP formalism provides a Lagrangian formalism for the free 
field de Broglie fusion method for combining two spin ^ fields.
We now propose to restrict the Lagrangian to an arbitrary world line 
xy = xy (x) via the Bars and Hanson algorithm (3.18).
Applying the algorithm to the Lagrangian density (7.4) gives
Ln„D = -yjjr (x2)-1^ x (T3y -£-¥) + 5L. (x2)1^ rn . (7.12)DKP 16 v dT J 8 v  ^ J
Since for the time being we are only interested in varying ¥ to 
produce field equations and not in varying the world line xy(t) , 
we set T equal to the proper time s . The Lagrangian (7.12) 
then simplifies to
JDKP - x (¥ßy 16 y ds
2 _
¥ ) + ¥¥ O (7.13)
where the dot indicates differentiation with respect to s . 
This leads to the field equation
1 0 0 .
3y x T + (^$y 'x + im)T = 0 . (7 .14)y
R e c a l l in g  th e  d e f i n i t i o n  (7 .7 )  o f  th e  (1 6 x 1 6 )  m a tr ic e s  |3y > (7 .14) 
becomes
%xy (T + y ¥) + %xy (T y J  + y V) + imV = 0 . (7 .15)
M u lt ip ly in g  on th e  r i g h t  by C  ^ , th e  in v e r s e  o f  th e  charge  
co n ju g a te  m a tr ix ,  and making use o f  th e  expansion  (7 .8 )  g iv es
(J^xy(j)a + Vxy({>a ) [Yy >Ya l + im4>a Ya = 0 (7.16)
clwhere we have w r i t t e n  th e  expansion  (7 .8 )  as  T = $ y C . Using 
th e  commutation r e l a t i o n s  s e t  ou t in  th e  appendix  we eq u a te  the  
c o e f f i c i e n t  o f  each y on th e  l e f t  hand s id e  o f  e q u a t io n  (7 .16) 
to  ze ro . This  g iv es  th e  fo l lo w in g  s e t  o f  f i r s t  o rd e r  coupled  
d i f f e r e n t i a l  e q u a t io n s :
cf> = 0 (7 .17 )
(xV + ^ V)^ vy + n i ^  = 0 (7 .18 )
(xy + Vxy)c})V - (xV + %xV)0 y - mc})^ V = 0 (7 .19 )
(xy + ^ x y ) x  + imxy = o (7 .20 )
(xy + Vxy ) x u + imx = 0 (7 .21 )
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Alternatively one can write these equations down directly from 
the general form (7.14). Equations (7.18) and (7.19) can be obtained 
by setting
y, o ,,01 .02 .03 .23 .31 .12 ,1 .2 .3 ,0.Tf = 2 (<p ,<J> ,<j> ,<p , <J> ,<J> ,(p ,<J> ,(j> ,<j) ) (7.22)
and taking the ß^ 1 to be the 10-dimensional representation (7.6); 
equations (7.20) and (7.21) by taking
y = 2 (x °,X1>X2 jX 3 >X) (7.23)
and taking the ß^1 to be the 5-dimensional representation (7.5). 
Note that the field equations (7.17) to (7.21) are not equivalent 
to the equations (6.6) and (6.7) obtained in Chapter 6.
Of course the change of basis from the 'ih to the cj) can 
also be done at the level of the Lagrangian, transforming (7.13) 
into
2 *LnI/n = L + L + %mcbd) DKP s v Y Y (7.24)
where
LS “ f  [x*y(xu + x ‘ (xy *V ]
2 *u *- (x yxy + X X)
(7.25a)
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-<--------------------*■
'* * dL = %m [ (xV -^-)  (}) + 4>yV (x (f) ]v L Y v ds J Yvy v v ds J Yy J
(7.25b)
+ %m2 C4>y + ^ yV 4>y v )
The s i m i l a r i t y  wi th th e  f r e e  f i e l d  Lagrangian  d e n s i t y  (7 .9 )  i s  not  
a c c i d e n t a l ;  e q u a t io n  (7.24)  must be d e r i v a b l e  from (7 .9 )  by app ly ing  
t h e  Bars and Hanson a l g o r i th m  ( 3 .1 8 ) .
The complete s o l u t i o n  to  t h e  f i e l d  e q u a t io n s  (7 .17)  to  (7.21) 
remains  i n t r a c t i b l e .  For t h e  case  when th e  world l i n e  i s  t h a t  fo r  
uniform c i r c u l a r  mot ion ,  g iven  by ( 3 .2 2 ) ,  t h e  a n s a t z  (6 .16)  w i l l  
reduce  t h e  equa t ions  t o  m a t r ix  e q u a t io n s  which can ,  in  p r i n c i p l e ,  
be so lv ed .
One f i e l d  which does lend  i t s e l f  t o  easy  s o l u t i o n  i s  t h e  s c a l a r  
f i e l d  x • E l im in a t in g  from (7 .20)  and (7 .21)  g ives
X + [m2- V ( x ) 2 ]x  = 0 . (7.26)
" 2 2 4 2 2 -2From (3.22) we have (x) = -p go (1-p io ) , and t h e  two l i n e a r l y
independen t  s o l u t i o n s  t o  (7.26) a re
Xi,2Cs) = X 1 2 (0 )exp[± i (m 2+%p2y4 )'1s]  (7.27)
2 2 -J-'where y = w ( l -p  oo ) 2 .
Solving e q u a t io n s  (7.18) and (7 .19)  f u l l y  f o r  t h e  f i e l d  (})P 
p roves  to  be a f a r  more d i f f i c u l t  p ro c e d u re .  Reducing th e  problem 
to  a m a t r ix  e q u a t io n  one o b t a i n s  one p a i r  o f  s o l u t i o n s ,  namely
<J>y 2 (s)  = 2 ^  exp [ ± i ( > 2+ % p V V s ] (7.28)
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where cj^  „(0) a (0,0,0,1)^ , and also the result that the remaining 1 , z
solutions are of the form
(J)^ (s) = A^(s) 4>V (0) exp(±iks) . (7.29)
In (7.29), A^(s) is the Lorentz transformation giving a rotation 
through an angle of ys about the z-axis, and the allowable 
frequencies k are given by the equation
, 2 , 2. ri 2 2. 2(m -k ) (1-p go ) -y
det iky  2 2. (4-p go )
2 ikypGO
iky  2 2. 3-----2^  (4-p  go ) 2 lkypoo
? 2 2 2 ? 2 2  2 2  
mz ( l - p Züoz ) - k  -%yz (4 -p ZG0Z) (k +%yz)pG0
2 , 2. 2 2 2. n 2 i 2. 2 2- ( k  + % y  ) poo m (1-p go ) + (k + % y  )p go
= 0
(7.30)
2Equation (7.30) is a cubic polynomial in k with real coefficients,
2so at least one other real solution for k must exist.
§7.3 SPIN OF THE SOLUTIONS
From Chapter 3 we have that the Noether current corresponding 
to the spin part of the angular momentum is given by the formula 
(3.17). We apply this formula to the scalar Lagrangian (7.25a) to 
determine the spin of the solutions (7.27).
We have
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C* — im r f r> P £ P y CJ
yv 4 ^  xp y ^ vo v ^ yo ^
+ xP*(gyp6v- gvp6^  V ]
= %(V v ' V y )x*x (7,31)
where equation (7.20) has been used to obtain the last line. By 
analogy with the free scalar field (Schweber 1961, p. 57), we 
normalize x so that
i(X*X-X*X) = ±1 > (7.32)
the sign depending on the sign of the energy of the solution. Using 
the solution (7.27) this gives
* w  2 , 2 1-Jj X X = +%P Y ) (7.33)
and substituting the world line (3.22) into (7.31) gives the only 
non-zero components of spin at s = 0 as
2 3 
- P Y
12 or 2 , 2 4.h8(m +hp Y )
(7.34)
PY~ 2 27%, 2 , 2 4^(1-p oo ) (m +%p y )
At any later value of s we have
S (s) = A P (s) A G (s) S (0) yv y v pa (7.35)
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where, once again, Aj3 
z-axis.
We next calculate 
states. It is defined
(s) is a rotation of ys about the
the Pauli-Lubanski four-vector for these 
by
% ey v p o j pvpFo
i uvpa 
h e  S p vpFa (7.36)
An analogous definition is used by Bars and Hanson (1976) for the 
Dirac field restricted to a world line.
In order to calculate the momentum conjugate to x^ we
must rewrite the Lagrangian (7.25a) with the parameter x , giving
y im , 2-,-h f y d * d y.L = ~~a— x (x) (X i~ X + X ^ —  X )s 4 yx ^ A dx A A dx A J
, 2 f 2,hr *y * a- (xt) (x KXy + X X) (7.37)
From the definition (3.9) of p^ we have
l-1 9xPT
-e- o
im , * * f *v d * d v.
T  (guv'Vv3 (X d ? x+x ds x ■*
2 • *v * -%mx^(x X/XX)
•e- -e-im * d * d 2 *\) *
T (xp d ? x + x d ? V - mxy(x xv + xx)
(7.38)
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where use has been made of (7.20) and (7.21) to obtain the last line.
Substituting into (7.38) the solutions (7.27) and making use 
of (7.20) and (3.22) one obtains, after some working
Py
2k-2m 1 ...
2k xy ' 8k xy (7.39)
where
v  r 2  i 2  4 k = (m +%p y ) (7.40)
and the ± sign corresponds to that in (7.27). This gives
pu (s) = Y  (s)pv (0) (7.41)
where
Pp(°)
2 2 k -2m
( 1 2 2 %^ 2k(l-p to ) , 0 ,
-(k2-2m2)pY PY , 0
(7.42)
We are now in a position to calculate W^1 . From (7.36), (7.35) 
and (7.41) we have
Wy (s) = 5äAyx (s)eXvpa Svp(0) pQ (0) = Ap (s)WX (0) (7.43)
where use has been made of the fact that the alternating symbol 
^Avpa invariant under the action of the A's . The only non­
zero component of W^(0) is, substituting in (7.34) and (7.42)
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W ^  S12P0 S01P2
64k2 (l-p2co2)^
Since is a rotation about the z-axis, we have WP (s) = WP (0)
for all s .
We see that the scalar field x cannot be identified as a
zero-spin diquark. Furthermore we cannot ascribe to x an
interpretation as a particle with fixed spin because the quantity
WPW^ does not in general take the value -m2 s(s+l) (2s=0,1,2,...)
consistent with the positive mass representations of the Poincare
group (Bargmann and Wigner 1948).
We note finally that similar calculations can be done for the
vector solution (7.28), and that the results for p , S and WP v J * yv
are identical to those for the field x •
§7.4 DISCUSSION OF THE DUFFIN-KEMMER-PETIAU FORMALISM
The results of §7.3 cast doubts on the usefulness of the DKP 
formalism of diquarks at the end of a string. We are in fact led 
to question whether the algorithm (3.18) for restricting fields to 
world lines is universally applicable, or if its usefulness is 
restricted to the Klein-Gordon and Dirac fields. We suggest here 
a possible technique for rectifying the problems encountered in
§7.3.
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Consider first the free field vector and scalar Lagrangian 
densities (7.10a) and (7.10b). These Lagrangian densities can be 
interpreted in two ways. Firstly we can take the fields 
X, and and their complex conjugates to be independent
fields and minimise the action over these fields. This leads to a 
set of first order equations including (7.11a) and (7.11b) from 
which follow the Klein-Gordon and Proca-de Broglie equations.
Alternatively one can apply to (7.10a) and (7.10b) the 
constraints (7.11a) and (7.11b), thus implying that only the fields 
X, and their complex conjugates are independent. Minimising 
the action over the restricted set of fields one obtains once 
again the Klein-Gordon and Proca-de Broglie equations. This is 
not surprising since the Klein-Gordon and Proca-de Broglie fields 
satisfied the applied constraints to begin with.
Returning now to the Lagrangian (7.25a) describing the fields
X and x 1^ restricted to a world line, we note that in the above
treatment we have assumed x and to be independent. Suppose,
instead, we apply a constraint similar to (7.11a) and assume only 
★X and x to be independent. We take the constraint to be
xyX + imXy = 0 • (7.45)
Eliminating x from (7.25a) gives, up to an exact derivative,y
L =  JsCX X - ">2X x) (7.46)
which is the Lagrangian for a Klein-Gordon field restricted to a 
world line (cf. 6.23). The problem of finding a constraint between
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the fields and (j)^V in (7.25b) which will lead to a suitable
vector field Lagrangian, e.g. (6.24), remains unsolved.
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CHAPTER 8
C O N C L U D I N G  R E M A R K S
We suggest finally some directions in which the work of the 
preceding chapters could be extended.
In Chapter 2 we studied the Nielsen-Olesen vortex. We noted 
the existence of an ansatz which reduces the differential equations 
describing the SU(3)/Z3 vortex to those of the U(l) vortex 
provided certain criteria are met. It would be useful to know 
which other results established for the U(l) case can be extended 
to the SU(3)/Z^ vortex and hence to string hadrons. In particular 
we have already noted that the interaction properties of parallel 
vortices (§2.1), if extended to the SU(3)/Z^ string, will enhance 
our understanding of the folded string configurations which occur in 
Chapters 4 and 5. Also, once a complete solution to the linearized 
equation (2.21) describing the large distance behaviour of vortex 
flux lines terminating at a monopole is established, one can determine 
the spatial extent of the vortex around the monopole. In the strong 
coupling limit this will indicate the geometrical accuracy of models 
such as those of Chapter 3 in which flux strings terminate at point 
quarks.
In Chapter 4 solutions to the model of Chapter 3 were found 
corresponding to rigid body rotation. The new configurations predicted
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included the exotic mesons and glueballs in fig. 7. If the assumption 
that the strings carry colour flux which is conserved modulo 3 is 
relaxed, other configurations such as A-shaped baryons are also 
allowed.
It is noted in §4.4 that an investigation of the classical 
stability of the rigidly rotating string solutions would be useful, 
particularly as a first step towards a WKB approximation to Feynman . 
path integral calculations. The rigidly rotating straight string 
generally associated with mesons is the particular case B = 0 of 
the planar solution in fig. 6. It would be surprising if the 
solutions for which B f 0 , for instance those occurring in the 
exotic mesons and glueballs, did not share the same stability 
properties as the B = 0 solution.
We note also that any hope of recognising the new mesons or 
glueballs would be helped by an estimate of their widths and their 
decay modes. A better idea of the Chew-Frautschi plots of the 
mesons could be gained by including point fermionic quarks (§3.2) 
within the model.
Chapters 5, 6 and 7 concern themselves with a string baryon 
model in which the string is terminated by one quark and one diquark. 
The naive model of Chapter 5 in which the diquark quantum numbers 
are obtained by adding those for the constituent quarks indicates 
that the quark-diquark baryon configuration is preferred over other 
string baryons. The remaining two chapters are concerned with 
establishing a rigorous treatment of the diquark. The formalism of 
Chapter 7 in which a free field Duffin-Kemmer-Petiau Lagrangian 
density is restricted to a world line is unlikely to be useful for 
describing a diquark at the string end. A possible rationalization 
of the problems arising from this model is suggested in §7.4.
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The model of Chapter 6 is far more hopeful. Equations 
describing spin 0 and spin 1 diquark fields restricted to a 
world line are determined by combining two restricted Dirac 
fields according to the de Broglie fusion method. These fields 
are described by the Lagrangians (6.23) and (6.24) respectively. 
With this formalism, the way is paved for a completely rigorous 
examination of the classical mechanics of the quark-diquark string 
baryon.
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A P P E N D I X
N O T A T I O N  A N D  C O N V E N T I O N S
We use the metric g = diag(1,-1,-1,-1) and set ft = c = 1 
throughout. Four vectors and derivatives are written
au = (a0,a) ; 3^ = = (30<V) .
The alternating symbol ts completely antisymmetric in its
indices and takes the values
0123P = - P = Jb 0123
The Dirac matrices Y, satisfy
{V V  = 2gpv ; YP = gU\  , 
and where a particular representation is required we take
hHO 0 1 Q __
i
; Yk k-
1
ohH 'q c
 
I _
where
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0  1
r~•H1O
1
1  02 3- Q II Q II
1
or—
1 
____1 _ i  0 _ 1
r-H1
o
are Pauli matrices. We also define
yv 2 [V Yv] Y5 = iY0YlY2Y3
The charge conjugate matrix, C satisfies
C
where T = transpose. In the above representation of the Dirac 
matrices,
and
1 0 0
0 0 0
0 0 - 1
0 1 0
The following commutation relations between Dirac matrices are 
useful in Chapters 6 and 7:
h y i ]  = o
[y ,y J = -2io' y v y v
[V 0vp] = 2i(V p ' V v >
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' W s 1 = 2Vs
[Yy,Ts] - 2yuY5
[ö ,1] = 0L y v ’
G^yv»^p^ 2i  ^^yp^v + ®vp^iP
■^ay v ’ apG  ^ 2 i  ^ ^ypGva + ^yaGvp + ^vpGyo ~ ^voGyp^
[<V YPY5] = ^ ^ S y p V s ^ v p V s 3
[ö ,Yr] = 0 L y v ’ '5
For the matrix generators of SU(3) we use
where A a r e  the usual Gell-Mann matrices (Gell-Mann 1961; 
Lichtenberg 1978, p. 77). The X satisfycl
tvv 'abc Xc
with the C given in table 6. The placement of the SU(3) 
indices a, b, ... as superscripts or subscripts carries no 
significance and is just a matter of convenience.
abc Cabc abc Cabc
123 -2//3 345 -1//3
147 -1//3 367 1//3
156 1//3 458 -1
246 -1//3 678 -1
257 -1//3
abcTable 6. The structure constants C for SU(3)
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